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* some simple science experiments.

. common use.

<]
door into a new domain in mathematicS'

-4
clear and simple as possible.

PREFACE - 2

+

Most of the mathematical techniques that are "in use today were developed
to meet practical needs. The elementary arithmetic Operatlons have obvious
uses in everyday life, but the mathematical’ concepts which are introduced at

the junior ﬁigh schéol level and gbove are not as obvicusly useful, *

The School Mathematics Study Group has been.exploring thé possibility
of- introducing some of the basic concepts of mathematics through the use of
Several units were prepared during the °
summer of 1963 and were used on an expeérimental, basis in a number of class-

rooms during the following year. On the basis of the results of these trials,

.these units were revised dufing the summer of 1964,

This text is designed to be usable with any mathematics textbook in
It is not meant to replace the textbook for the course, but to

Supplement it. Previous acquaintance with science en the part of the student

’

e’:Lcs unnecessary. The scientific principles involved are fairly simple and

are explained as much as is necessary in the text. Each experiment opens a . b
meééurement, inequalities, the numbef,
line, relatibns and graphs. We hope that student learnlng and understandlng

will be improved through the use of this materjal. c o TS

]

The experiments have all been done in actual classroom’situations.’ . -

@Nery effort has been made to make the directions for the experimeﬁts;as

The apparatus has been kept to a minimum.
v A}
The writers sificerely hope tha% this approach to mathemetics w1ll o

? -

prove both uceful gnd interésting fo the student.

-




Wm e RS S - R ‘f - o o - o S o “
* 35} ) .‘\ ]
- N . * . 5 Lé'f‘ -
, TABLE OF CONTENTS ¥ .
. e
. A il ;
’ . Pageé
Chapter 1. INTRODUCTION TO MEASUREMENT ... . . - - - S
. ' T a ‘ .
1.1 Introductions « « « o o o« o s e e T s e e b e e e e e e e D
1.2 Measures and Units. « « « o « o ¢ mie o o 0 s oo ’ )
. s BXerciSe L., « v e 0w e e v se W 0w e 00w e . . e
v . ) # .
fl.3 The Process of Measurement. . . + o « ¢ ¢ ¢ o ¢ o ¢ 2 0 e 00 e
T L EXETcise 2. v v v o o e a s 0 e e e e e e . .

. , B
"1.%  -Measurement of Length: General . . . « « « « o « ¢ « & = ¢
1.5 . Measurement of Length:
o Exercise 3. « « o o g oo i e e e e e
1.6 Addi’ti‘C‘m of Lengths + « « « « o « « &

Exercise 4.7, . ' v v v o 0 v

IdleasofAccurqcy. )

1.7 UnequalNumbers...‘........V,........."......lo
. ,-, Exercisesv..'~.................’...'....‘l;L.;,
’ :1.8;‘ More on Inequalities. . « + « + o 70« o o & R Yo e 11 ’ 2
Exerc'ise6'......"...........'.....:. 13 .
l.9‘UnequaiLength$..'........‘...:....."....1.'. 14 ‘
Exe’rcise’{...........'.'............-.'.".'.15 ¢
'1.10 b;!éa.sqremex;t: A Classroom Experiment. . . . . PR A 5] B

111 Btandard URIES. « o  « o o o e e e e e e m e e e e
1.12 gength Measurement. . . « . .
1.13 A Property of Order: The Transitive Property . . . '. e e e e e

°°'Exercise8...’.......'......’........”...
1.14 AnotHer ‘Préperty‘of Order: The Addition,Property . . . . . « ¢ =

Exercise . . o v v w e ete e e e e e e e s e e e e e

c‘cccc-cvcccccc---c.
.

R B e T T T T I 2l
.. ' & - : . . , ]
c( . . £ - \’
R R * . o ¢ o -
‘* Chapter 2. LENGTH AND THE NUMBER LINE. . . . . . « ¢« &« e v o’ o 25 X
s ERR A ] ° L

2.1 Using Related Units‘in Measuring. . . . . + « « « « -
2.2 The Unmarked Stick Experiment . . . ¢ o ¢ o e v e e e

S ¥ . . ="

Exe;,cisel......................

2.3 The Metric System of Length . . . : Q . \\ o

CEXerclBe 2u b v v 4 e e e e e e e e e

. .30

.t 2.4  Buccessive App'roximétior{s to a Length-Measure . . . « « ¢ s » ¢ & 34
- % ‘Exercise3.~'........'......,r. coe e e e e s 35 .

E ICK ’ ‘ * ') :
o, N - < !
. . - ’ . ) N e ,
. .

- o
.




3.5 Graphing of Oraez‘!e\d Pairs . . . . « . . . .
. "Exserci‘see.............-..'.
3.6 Functions .°. . . . .. .. ..
) Eb(?‘z.‘cise,gf....;..‘.......,.
3.7 More Graphing Lo P A
. 3.8 A Coordinate System in‘a Plare. . . . .. . a-.
. Exercise k. . ... . . .. . . ..,
3.9 QUAATANLS .+ « « . . W e e e e e e
. Exercise 5. . « « ¢ . o o o 0 e
3.20 Graphing an Ebcperiment'.v. e e e e e e
© ExefciSe B. v v e e e e e e e e e

.
2.5 'E'h‘e’ Determination of tﬁe Length-Measure .
/'\s:...‘ Exercisc;h..'.............
2.6 -How Lengths Are Quoted in Practice. . . B
EXErcise 5. v v v o o 4 eo 0 e e e e
. 2.7 Exp{)nen"cs Joeae e e e }'.\ . ‘ r,
EXErcise 6. o v . v 4 v e e e .
2.8 Negative Exponents. Scientific Notation. -
. Exercise T. . .+ ofv o 0 . .
v 4.9 The Nurn‘per'Line e e e e e e e e e e e e e
‘ Exercise 8. . . . . . .
- 2.10 Summary....'.'....»........‘....
¢ Chagter 3. RELATIONS, FUNCTIONS AND GRAPHING .
NN ] S
o3 Introducf:io'n. . }. .' .
3.2 Ordered Pairs :
¢ 73,3 Relat?’ons e e e e
i -Exer‘c\ise e o e v R I N AR .‘: .
™ © 3.4 \An Experiment . . . ¢ . . . . ..o .. e

- 3.%L LSUMMATY o v v v Te o o e e e i e e e e
v, / \

Chépter 4. THE LINEAR FUNCTION . . . . « . &« « o &

4.1  Graphing Linear Functions Through the Origin. %

Exercise 1o + o v o o o o

4,2 Representing Linear Functions b:ﬂSe‘ntencgs.
;S EXEIrciSe 2. v v v v 4 e e e e e e e e
;q : . »

-

)

RS

Aruitoxt provided by Eic:

.o

« s e
-
. s e
.
-
.
~
LI
.
. ¢

-,

53

53
57
58
59
‘60
62
. 65
66
68

269

73
19
80
81
81
85 '
86




-

e

O

k unctions of “the Form y

. bk

k.5

L.6

ERIC

Aruitoxt provided by Eic:

Exercise %}’/ . . .
‘Slope .

D I

Exercise . . o o o .+ .
AN Y
Coat- Hanger Experiment. .
Exercise 5. e e
Graphing Linear Functions
EXdrcise 6.7 0 4 0 s o
Thé‘Centigrade-Fahrenheiﬁ
Exercise 7o « % v o . &

SUmmary . ¢ . e v e . o0 e o

X
MXe o o o o ¢ o o o o o & o o o o oo
-
~ -~
I S TS S S
-
.
~ 0 o s o o o 6 6 s s o' e o 0 "o 0
P L T R

DI L L T R R B B

se 6 86 8 6 s & o e o 0 o s s s 0 s 0 0

. . . .

4 . .

P—
/
.
—
.
-
)
- *
v
,
,

»

o

- \
.
-e
’
v
¢ . f

. 109 »
S 112

9k

95

96

99
10p )
T
104

108

112

113 .




o Answering the question

- . . . Chapter 1
INTRODUCTION TO MEASUREMENT .

1.1 Introduction

&

Science is the study of thinga and events in the world aroundhus. The
scientist takes. it as his job to find order in what he observes.

Everyone kKnows that 1f a ball is thrown ‘upward, 1t will fall back to
the ground The harder the ball is thrown, the longer it takes to return
If we could throw hard enough, could we make the ball disappear from the

earth forever? If so, how fast would it have to go as it left our hand?
1ike a scientist, we have

ae

t

These ‘questions are very hard to answer unless,

learned something about the orderly behavior of falling obje
Then, we might answer, the two

i

cts and about

gravity, the downward pull of the earth.
a questions as follows:
"Yes, the ball can be made to leave the earth forever, provided{
1ts speed is at least 25,000 miles per hour as it leaves our hand.

Scientific knowledge is very highly organized knowledge compared to the
knowledge wdst people have, and it is much more useful in predicting what
may happen in the future. In this book you are going to study some of the
methods that ‘a scientist uses to orgenize his thinking Some of the methods
willfiead you to new concepts of mathematics. You will Jearn how these ideas
can aid the scientist in explaining 'the world around us.

. * 1.2 Measures and Units ‘ ' '
"How much?" often leads to better understanding

"of what sort?™ As you might guess, scientists
going to use mathematics to guide

than answering the guestion
¢ £ind it helpful to use numbers if they are

their thought.

’

Where does Qhe scientist get the numbera he needa? The answver, of
You already know Bomething about

When Yyou weigh youraelf, split a

or get directions,you use .

codrae, is that he makes measurements.
‘measurement from having done a_ lot of it.

candy, bar with a friend work at a track meet,

measurement. . You can probably give many other examples of the use of meas-

urement in everyday life. But é&actly what is measurement?

L

-

g i 1 .
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In the first place, measurement is & process for assigning numbers of

units to objects or eyents. Different kinds of measurement require different R

3
4

processes, For instance, to 'find the volume of a fish tank we might empty
guart bottle§ full of water into the tank until the tank is full. If fifteen
bottles of_ water completely fill the tank, we would say that the volume is

[y

15 qua . ’I'ﬁe number assigned would be 15 in this case. Such a number is
. _ called a measure of the volume of the tank, and in this case we could call it
; the§ rt! measure of the volume of the tank.,

:’ Anoth'er way to find the ume would be to f£ill up pint bottles and count ’
<
the number needed to fill the tank.; We wotld find that the volume is 30 pints.
In this case the measure (or the pint measure, it you wish to be precise)

is 30. ..

\No matter how we do it, the volume stays the same, although the measures .
. @iffer. Another way to say the same thing is this: 15 quarts and 30 pints
. are each‘nqn'les for the same yolume. In the same way, 5 centuries and 500 years
are names for the same time intervals 30 miles per hour and 4k feet per sec-

-

ond are names for the same speed. ,

Notice that a measurement cannot be give}n by a number alone. To claim
that the speed of a crawling ant is 200 doedn't, say anything at all, while
200 millimeters per minute would ?nake_sense. To say that the volume of the
fish tank was 15 leaves us completely in t‘hp dark until extra information is
added. . !

-

What information besides the number do we need to describe a measurement?
We must know what unit was used. In the case of. the fish tank, we ‘compared
- the volume of the tank with the volume of a- quart bottle. Wec‘call a q&art
the unit of v-olume Thus we describe the measurement 15 guarts, completely

’ by giving the measure, 15, and the unit, quart.

In general, a measuring unit is some object or event which we pick for

, - purposes of comparison. If we are told that the area ofa house lot is 2—

acres, we mean the measurement is 2— acres. The unit "acre reminds us that

the measurement,wae performed by comparing the house lot to a plece of land

vhose area is llacz:e. Whenever measurements result in very large or ;/ery

small numbers, it is usually more convenient to use units which are more

nearly of the same size as the quantity which we wisim to measure. For example,)'

in measuring the size of a building, ve would use feet rather than miles, but

in measuring the distance across the country, we would rather use miles.

ERIC oo S

’ .
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To /sum up, we can say that scientists are concerned with measuremeqts.

Measurement is the process of comparing an object or event with some un1t
—_——

which we have chosen. The comparison process needs to be carefully descrlbed,

it always gives a number, known as a measuré. This number, Or measure, will
depend Bn the choice;of unit. - ,~
!, "

J Exercise 1.

- . —_— - »

1. Pick out the measures and the units in each of the following measurements.

What wight each messure?

(a) 8 acres

(b) 760 yards : \)'
¢ (¢) 27 pounds per square inch . <
’
~ (d) 11 fathoms . g

N

2. If a bath tub were fdlled by emptying a gallon bucket into it 30 times,
«  what would bezthe volure of the bath tub?. Whet .is the measure° Whattls
the unit?

* 3. The bath tub of Problem 2 is filled by using a quart container rather
than a gallon bucket. . o T

- (a) es the volume remain the same?
(b) Is the measurement the same?
gc) Whatdis the measure?

, {d) What is the unit?

a

L]

“®.  Change ®ach of the following ‘measurements to an equal measurement having
N Al ‘4 .

- a different measure and unit.’

’ (a) - 3 minutes
(b) 2 pounds * . . ' >
(c) & yards ‘ ’
(d) 9 sqhare feet ' | ~

! - Lo

1.3 The Process of Measurement

Tet us talk about the measurement of length. To give meaning to the idea
of length we will suppose that length means the same thing as the digtance

between two points. We will often use either term te mean the same thing.,

Suppose that someone asked you for the distan e from Alaska to Texas.

s

This type of question isa very common one, but is ‘ reaﬁly fair9 I éoes

’

.
» ~ [N

. . 3 . R " ‘ N
Q ‘ o 11 . .
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not even make sense, does'it? What distance? Between which points? We need

R to know more about what the question reglly means before we .can answer it.

'l

On the other hafd," people talk about the distance from Alaska to Texas
as though they knew exactly what they were talking about, and they can't all
be wrong all the time. This apparent difficulty can be settled as follows:
It is quite true that there are many different distances between points in
Alaska and points in Texas, but for many purposes, all we want is some general .
idea of the average distance between all these various points. When we come:
to consider some "ideal" distance (such as an average distance) we can say =
that we are making 8 mathematical model of the physical situation. In this -

wodel a definite meaning is given to the phrase "the distance from Alaska

to Texas". /o .

-

When ve make a mathematical model we think about ‘a "perfect” object or
event. This way we can give a definite meaning to dimensions, We can wmake
a mathemstical model of the distance from Alaska to Texas by choosing a single
point near the center of each. We could select the geographical centers or
the population centers depending on what we wished to léarn. The distance :
4 Dbetween the points ne select could pe called the distance from Alaska tc Texas.

7 As another example let us consider the problem of measuring the width of
your desk. Can you say exactly where .your desk starts and ‘where it finishes? T
Isn't it rather ragged and battered over the edges? 1Isn't it slightly wider [

- in some places thén in other places? : v

¢

It is beginning to look as though the width of your desk is not, after
-~

all, that simple measurement that we hoped it was. But we must rescue our- Cow )
selves quickly from the gifficulties we are creating, and we do this by making X £
a mathematical model of the desk. We now imagine that the desk is perfectly

rectangular, beautifully smooth with absolutely sharp edges, and as soon as, , o

we imagine this, then we are past our immediate difficulties. There is no
doubt thet this ideal model of the desk has a definite width. itbw could we .
. find the width of this mathematical model? The answer to this will vary from

desk to desk and from person to person, and all we can do is to give you some

e possibilities. You could, for example, mé#e two very small‘marks, much smaller L

than you could actually measure, one at each end of the desk, and you could : 0
¢ . say that the distance between these two marks is THE width of the desk. \¢'

* Alternatively, you could lay two sharp-edged planks along the edges of ‘the - e " \

desk, 80 that the planks‘stick up slightly above the desk top. You could T

g then measure the shortest distance between the inside faces of the planks. o ‘

You show¥ be able to think of other‘ways yourself of making a mathematical "

{
C b 12
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model of your desk and of ‘indicating the width of the desk. |

-

In the rest of this'book we are going to assume that in any physical

| IS TN
‘ situation, all “the measurements we talk about are based on some mathematical
model. ~ " ) . .
; o oo . /
Exercise 2

] . . . .

q'.- How would you find the length of your school building?
2, ° What 'are geveral ways of timing a 5'O-yard race.?

t 3. How could you weigh yourself if no scales were available?

.

L, How could you compare the areas of two table tops if you had no ruler? :

- . B . Ny | .

. ’ L4 l'
1.4 Measurement of Length:~ General ' .

3 .

You may think it strange to gtart learning about measurement in general
by concentrating on lengt,h But the truth is that length is one of the most
fundamental of a11 physical properties. The idea of length constant];y comes . .

up 1@0&1 science and wathematics. =~ ' 2 r

~ Mg
y

ey

- To fix our thoughts, let us talk about measuring the width of our desk.
We have decided upon a mathematical model of the deek’ 80 that we can “identify W ’
the width of the desk with the length of the line segment or the distance, .
“beteen two tiny merks which ve have made on the two sides of the desk, for ¢
example. The problem pbw is how to state the distance between these two marks.

"Easy!" you will say: "It's 2 feet 4 ¥nches," {(or whatever it may p\e)
But theh we can ask: do you mean that the length is exactly 2 feet L 1nchés‘°? ) '
Or do you mean that it is somewhere near 2 feet 4 'inches? 4

It 1s unlikely that you would clsim that it 18 exactly.Z feet U 1nches,
< for the simple reason that you could not prove it. (Remember that "exact"
means exact! Not even & millionth of an inch is allowed for uncertaihty
either way.)

. So what you mean is that it is nearly 2 feet L 1nches. But how near?
Within an inch either way, or a foot, orya ( rter of an 1nch? It is only .
- when questions like this are considereq seriously that it becomes neceesary

. to be much more careful about stating what a measurement 18, )
-
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o 1.5 Messurement of Length: Ideas of Accuraty | A

. . +
¢The problem of measuring a length cannpt be separated from the purposge

!
of the measurement and the use to which it is put. Let us give some examples.

The distance of the sun from the eav'th is usually given as 93,000,000
miles. ,But, obviously, even our mathematicel model of we discance is arlikely

( to be precisely nirety-three m.%.lio'x miles; it is much more likely 10 be some,

' Piguz'e l-.-:e 23,271 ,h12 m.Wes. Frequently we can reglect the 271,412 miles N

F ¢ ‘e

because it is such a ‘small fraction of the entire d‘.s.ence. But it would be

1
. absurd 0,88y that we will no< tother atout 2"@,1,12 miw if we were going

‘togcjrive from lNew York ic Sar Freancistco. TFor <his distance, we mus: measure

more j2ccurately and mignt give it as 305C miles. Cur matnematical mydel of |

a
. >
: thg distance froz one particular polint of tne Fairmont Hotel, £.2., 10 on

N
particular "9 v of trne Expire State Bailding, N.Y., might be more exactly

e}

2053 miles 48C yards. So wnen considering driving this distance we do nmot

:
. . tother sbout the 3 miles «26 yards. . ‘
o

,
.

And so we might drgue farirer by showing that "the 3 miles L26 yard8"

- would metter 2 very greet deal if we want to measure the léngth of the tig ‘ .
f* ' field neerty. Measire your neigrt. You would* not give this meassurement in
yards; v would want To Xnow feet and inches. ‘
. ' -
: All tris can be summerized as) foll ws: whenever & length measurement
.
\ is made, it i made Zor some definite purpose, ard this purpose will usually
suggest thre T08sT suitatle unft of measurement p '
. ’ ‘' The unit is avec ,me gest lengih one 1is prepared <o neglecc. a®
.I.'Zxamire tre tol lo’w" ,a le and fo will see whet we mean by un;t:
‘-'eesu'emen ) _4._ possible _LLn_ii .
Tisv&nce f’rom Sun td Earth A million miles ’
R Distance from S.F. to N.Y. , 10 miles
Length of a field . -+ 1 yard co
) - Length of a teble 1 inch . .
. ) Yohr'heié“n: - %;— ineh
» . ' “ R

.Th'is table indicates thet we may be satisfied if we know the number of yar.ds
in the’length of the field. For most purposes ‘we do j‘gﬁ want to know the
number of inches from tne sun to the earth, or the fhumber of yards from San
“&'ancisco to New m.k Our choice of & unit {or any measurement is related

to the accuracy we require or the error we ar villing to accept. When we
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say tha't the u-nit for the length of the field 1s 1 yard, ve mean that ve are &
prepared to take 73”yards as a description of its lenith even though the
accurate length way be 73 yards 1 foot. BEven thoug.h the error l'n taking

73 yards as the length 33 1 foot, we are prepared to igmore it., Thus 'an'other

way of arriving at a unit for g measurement is 10 consider what the maximum

acceptable .error is, Q' ;
o ~ ‘ Exercise 3
. ! M
1. Suggest suitable units for the following measurements.
A
s . - (a) <the al:zitude of an eirplane; - . .
‘ {t) tne leng:ih 0?2 a car;
(¢) tre depi:z of e ocearn; N
(@) <re width of e window frame;. .
{e) <ke widinh of & door frame; !
.
(£) <ne neight & & truck.
2._' wnat u.ni:, of méasure wouxd be accepta‘cl:z when me.asu:ing the vi;?{h of a
. - . \

wizdow for éraspery rods?

.

3.  Wnat anit of measure Woulé be acceptable vhen meastr the' width of a

. .
window glass? ) . ,
Y . . LI ) -

[

4.  Wnat stazemen: concerning cholce of umits of measurement 12~ demonstrgted
. - - . . R ¢ * .
by your gpswers to the gquestionk above?

13 -

- A Q.

4

1.6 HAddition of Lengths -

. . "

 In the previous section ve saw that we can often use a rafher tnexact
estimate of a lengih witkbout knowing its p‘recise measurement. In fatt, all
. prectical measuring processes only give est*imates of a measurement. Somg
estimates are be‘.ter. than others, tut we can’ never make an exaci measurement.
To kpow how an estimate and a measurement are related wve need to understand
two new ideas, namely, the addition of lengths and' the différence between .

le%i:s., In this section ve will discuss addition of lengths ‘ 4

Birst' of all, ve umat point out that although you already know a lot
about the addition of pumbers, the addition of lengthg is a new idea and

cannot be understood from mathematical ideas alone. You will later come to

~

"~ %the idess of addition of volumes, of missés, pf times, each of which must be

‘explained somewhat differently. .

X \ . N i
Q ‘ : ,
ERIC o .

Aruitoxt provided by Eic .




. . N

To be definite, think of two straight sticks es shown in Figure 1, one
' having length U and the second having length V.

.

*

Length U
.
Voo :
- b
. ) .
’ Figure L
. ) \ .
N AN
Since neither U nor V are numters, (rey cen't Te -- meas.rements ere never
Ay A .
- . - .. . - - . v
Just numbers) <he symtcl U - 7 does not nave a definite meening yet. We
defi -n . . B T P o .d Al - 5 @
define <he sum U - ¥ <o Te tle lengis of 2 new stick menifectured from J
*+ ptick 1 end stick 2 Tty .eying them encd-<c-ené in 2 stiralignt line witn no
overlep, as showr below in Figure Z. '
length U - lengwn ¥
* - 4 A s
[ v T . .
L A » 1
¢ ~
; : L sgexy | Tick 2- )
“ ° (- & . J
My - — .
+ » .
. ’ * - lergrn U -V ’ ,
, . .
: .o Figure 2 :
. .
. Fotice %het U and ¥ tere Bre single symbols which ere used t0 represent
. the complete measuremerts< In practile, U 'end V would te given &5 numbers )
together with units. That is, we might heve * o '
e ¢ .
J = 27 inches -
. \ . ~ i
¥ = 24 irnches
In this cese we would nave < ° o
U - V = <l inches. s,
The result is obtaingd by edding tne two numters tOgether and using the unit
common 40 both measureme@gts. Notice thet this cgn be done only when both
measurements are given in the seme units. P -
) N - . . 3~ ~ - -
The sum Qf the two length?' is defined as above no matter what ynits R
might be used in expressing the measurements. That is, if -
. .
. U = 17 inches
. _V =2 feet . . ,
. , e, :
’ * -
\ .
. N -
‘ - 16 °

ERIC . -
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then ve étill.have - .-
' U~ Ll inchQ§. .

’ ) e 3
later ‘sections we will say’more about the actual computations. In

tﬁis section we are more interested in »he_physical ideg. The sum of two

lengths U + V is the length of & new stick as shown in Figure 2.

° . Suppose that ®otn of tne lengins U end YV are- the same. . Then the sum
- ~ ) - *
u-y would ve the lengtr of the comcination of 4wo iderticel sticks, each

of length h, as stowr in Fifurk 3.

. ) ‘f .
'
‘ . II , Lergzr U

>

£— - »
[7 l Length U - U

Flgare 3 ' <

’,
A godi neme, ané somewre: shorter, for U - U would be 2U. If U is a
symbdl standing for @ measurement sucr as l? inches, then 2p.is a'symbol ,
* standing for s meassurement Iwice as long, 3% inches in this case.1 However,
we can look at the s,;mco1 2U in anotner way.’ We cen think of 2U as meaning
the measuremen» wnose measure is 2 and whose unit is & stick'of lengfh u.
In this case, the symbol U benaves like a unit. Although U is actually a
measurement, We can use it es & unit without difficulty. From this poiht

of view, when we write 2U, we mean the measurement whose U measure is 2.

If n is any counting number, we can now give meaning to the symbol

nU. Nawely, . .
wW=U-+U-uX...

‘e . ’ .n terms .
. ¢

Then, nU is the lenéth of the stick forwed by combining n sticks (in the
proper way, of course, as shown in Figure 4 each with length U.

[ . .,
\

- B
s . . s

| | | | | i ] Length nU
1§ . wr

. M -
T rz%ticks

. ' P\\. . : Figure 4 . o

o . 17 .

ERIC
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The longer stick in the diagram evidently has a length of nU. ‘ The U peasure

of the length is n, You-should keep clearly in mind thaé the syﬁbol nU only °
has meaning'Eo far) when. U 'is a length and n is a counting number (1, 2,3, wu.). ..
Symbols such a‘s —Z-U or 0.123U are explained later, since they are more dif- ?

ficult. , SN -
) L Exércise 4 )
1. What is the total length in the following figures? . o

w .

\ ) CA T & -T-& T &
) (I B I3 T35 T35 T F T35 T-5]

1 (o) A L& T3 TP TE]
2. VWngt is thé periméfey of eachrof the following figures? . - _
(a) L --'L ' ’ (v)
N LS I
i} L ek . B B
. i ! ) u Y
L B
N (e) o (a) .
- - ‘ 4
. > B
’ ”' . ~ -
A . A { ~
3 L4 N 3‘
; > :
; -
b’ C. : c .
: N S :
; 1.7 Unequal Numberg . : .
- We have seen that a given measurement may be described in different

ways, which depend on the units chosen. In.Section 1.2 we stated that 15 -

quarts and 30 pints are both names for the same measurement. _Thereforey

. 15 quarts = 30 pints.

. . Loy
Here we use the "=" sign exactly as it is used in mathematics, to decldre -*|
that the name on the left and the name on. the right are names for the same

f thing. S . ¢ ¢ ) ] K o I
; : n \ ‘

, ; Now let us describe the 'possﬁé relationships between lengths that are

" not equal. 3 yards and 8 feet, you will surely agree, are not equal lerigths.

Is there a simple way of describing, how they are related?

Recalling some properties of numbers may give us an idea. r R
' , ¢ &

~ i* * "

; : 10
1

18 Lo e
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When two numbers are compared as to size,
sults.

or the first may be less than the second.

.

there are three possible re-
The numbers may be equal, or the first may be greater than the second,
These relations between the num-

bers can be expressed very convemen‘cly by the use of the following symbols:

N Symbol Read
. e is equal to -
. " is greatef than
" " is less %an
for example - ,

' 3 3\3 is read as "three is egual to three"
‘ 1683 3 is read as "sixteen is greater than three"

3 <10 is read as "three is les®han ten”.

~

Notice that the point of the

" _n

<" or ">" symbo ol’is always nhearer the smaller

—— —— ——

number and the open end .

s

is nea¥er the larger number .

SESL e — ——— —

The two symbols ">", "M gre called inequality symbols.
- . ~
16 > 3 ’ ’

LAY

Notice that

l\ -

- sqys exactly the same thmg as

, 3 < 16
4 - so that if‘we don't like one form, wd can use the other. . &
, Exercise 5 ‘
' 1. Use one of the symbols, "<", uor, ms', to make 'a true statement for )
; each of the following pairs of numbers. %&'
[
. (=) ?,6 . —~ (£) 2,7 ;
(v) 5,10 ‘ (8) 9,k KX
. . 1 YL
(c) 16,16 SO R c,
(a) 3,8 ) (1) Bvi -
(e) 19,11 (3) T,e .
[ . . e % + 4 ¥
1.8 Moye on Ineqialitied

4 > 1 and 16 > 10.
sense.‘ So ayer26 > 16 and 11 < 1k.

point in the same directitn;

4

.

We say that 2 <'7 and 5 < 6 are
Byt 1 < 3 and R

Jlopposite sense

inequalities in ’_t_{x;e_ same gense; §O are

2 are inequalities in' the opposite
"same sense” suggestd that both symbols

' suggests they point in opposite

. .
L}

11
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directions.’ * - o g ‘
Two 1nequalit1es in the same gense may "overlap" if the larger number of
one is the smaller number of the other. For instance, 3 < 10 and 10 < 16 are

cyerlapping 1nequalit1es in the sawme senee. The same information can be

. written 'morebbriefly as 3 < 10 < 16, which is read "3 is less than 10 %nd

10 18 less than 16". In general, for three numbers a, b and ¢, the statement
' a<b<e ‘

. ©
Y o ’

means .- .

s ,
s a<bandb<c.

ra - -

In mathematics,a two-part statement using the conjunction -
"and" 1is. true only_ when bot\ﬁarts of the statement are true.

¢

. The statement a~>b>cmeansa>bandb>c~ Thus9>’4>lisatrue

ERIC

Aruitoxt provided by Eic:

statement because 9 > b4 and 4 > 1 are both true’
- .

Notice that we must have inequalities in the same sense before we can
combine them in this wa'y. Mathematiciens do not, use such symbols as
a<b>cora>b <'¢. In a'_é b >c, ve know' that b is greater than a
and b is greater than c¢, but ue do not know how a. and ¢ compare. Can you
state in vords a > b <, e? ) '

If a and b are twa. numbers about which we know only that a is not
/
greater than b, we can say with confiden%e that at }.east one of the two
remaining possibilities is true. Tha‘b,.‘ls, eithez;la;b/ozz/a =b.

In mathematics, a Wmnt TeIng the conjunction "or" |.
Iy & 5 >

”

It is useful to be{ able to combine the two parts of the statement °

‘Mg Zbora=0b"into a ngle symbolic statement: & <b. The statement

a < bmeans a <bor a.=b 'l‘he line under the inequality symbol is supposed
to suggest an equality symb to us. We rewd "a <b" as "a is less then or
equal o b". 2 < 3 1s true/bécause the second of the statements™ = 3, 2 < 3

is ‘true. ‘ .

Similarly, 5 < 5 is true since the first of the statements 5=5,5 < 5°

is true. '
i .

The statement 10 < 4 is false, because neither of the statements 10 = b
or 10 < & is true.

To summarize, if a and b are numbers, S |
"a < b" means "either'a = b or a <b". S
' o r -~ .

~ 12 !
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Now we can jnvent a-most helpful form of inequality that ‘wiil ve used ..
over .and over in-describing how accurbte al¥ estimate of a‘'length ‘may be. ’

. If a, b, and c are numbers, and . "
‘"a<b<e, =
we mean that a < b and b < c. S,

Thus-557<9ﬂ ig' true because 5<7 _za_r39_.7<9. . ' .
5<5<9 is;truebecause.555 9_395<9. .
5<9 <9 1is false because 9 <9 is false. * ' 3

I 5< k%<9 is false because 5 < 4 is false. !
5 < 10 <9 is faise because 10 < 9 is false.
[} \ -

Ce . Exercise, 6
1. Rewrite each pair of inequalities below sQ that they ‘are in the same

sense. Write them as overlapping inequalities whenever possible.

, () 3<4,5>3 . " (£) a<c,d>a o: o
‘ '(13) 7>5, 1<13 (g). m>n, m<1 p
(c) 16<2,20>19 (h), p<aq,a>t
: ‘(@) a<b, c>b 1) 1657, 5<Toae .
(e) 31 > 25, 2l<3'0 - (3) a>e, £<ec ) ’

.

2. What can-be said of two numbers a and b, if we know that a < b and
also a > b? Explain your reasoning carefully. - : .

o

3. Comp'iete the following table by indicating ig the proper space whether
each part is_true or false and whether the compound statement is true
" or false. (Review the boxed definitions of the conjunctions "and" and

Yor" as used’in mathematics.)

L 4

«

%, | compound w

Statement, A -Co:z,juixetién Statement B Al eabenent
mamie 3<3 | Pr PP
‘ (a\) 5 <'é "or b <5 )
(b) 17 > 32 and . ‘T’)‘ﬁ”" < ‘ . .
(C)(5-l)>(2 ) \j ‘or ( ) > (6- l) ) 3 .
(a) %< (72 or 72 <% ) - ‘ /
(e) 1T>9 and 12 >1.8

O ‘Y ». 'I.‘
FRIC | | o
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. another length? We must caution you at the outset that length inequality "

lf. Cotiplete the following table by separating the compound statements into two %

"parts. Tell whether each payt is true or false, determing the copjdnetion. T
wilich.is indicated, and tell whether the compound.statement is true or false.

k: -~ o . N w . . ; ' -

i Statement A" | Conj. | Statement B | A | 3 | CO®Pound

. ] € : statement

Eb:amplea3<1+<5_ 3<h and b <5 o T
/(a) 52& . ? . *‘"J - |
() 3>2>4 = ) .

() 6<6 : ‘

d)2~§>2.375 ' v . \ .

N , : L
(e) 751”8 : < |

5.  Ansver true or false for each of the following . -
(a) 5<5<6 : ‘ Ve
(b) 5<5<6 -

(c) 5<5<6 | , : PR
(@) 5<5<6 o : g

1.9 Unequal Lengths . ’ 2 B - S i!

N .
So far we have discussed only unequal numbers. Nothing has been.said ..

about.\unequal lengths.  When can we say that one length is greater than .

is not the same idea as number inequality and that what you know about num- .

ber inequality by itself can only suggest what is true of unequal lengths

We agreed that a length of 3 yards and a length of 8 feet were not

equal. Does that mean that 8 feet is a greater length than 3 yards because 4
8> 37 Clearly not. Measure inequality (that is, number inequality)nby »

itself tells us nothing about lengtlr inequality. . ' e -,

-

We need a different approach,
If a length of 1 foot is added to 8 feet we get 3 yards. "8 feet +
l foot" is the length of a stick constructgqd from

X cof 3 ) , one 8 feet long 4 -
and the othér 1 foot long "The length%of the combIxn and.D feet, a meas- .
2

,e o,
urement which we recognize as the same as 3 yard . .1

It is just as clear that there is no length that can be added to 3 yards
that will give 8 feet. . . A

Therefore we arg inclined to say that 3 yards is greater than 8 feet )

rather than the other way around,
3

)

* ¢ In general, a length U is greater than a length VwhenU =V + T i’or_ )
‘ * . 14

22y
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some length 7. The symf)olic statement U > V is read "U is greater than V'.
‘When there may be doubt about whether length inequality or number 1nequality

is meant, we could be cautious and write (length)U > (length)V to remind our-
selves that length inequality is intended. Genera'lly the statement U > V .
will be sufficient. S - v Co

' Let us sum up all the possibilities. Whenever U and V aregany two
lengths one, and only one, of the following statements is true:

y=v, U>V, or V>U.

To say V < U merely means U >V, just ag with numbers.

Exercise 7

1. For lengths U, U, and W, write in words the following statements.
(a) U<vV<W .
() U<V, ’
(c) vt e .

.

!
~

2. Determine which ‘éetements _below are true and which are false. Giwve

reasons in each case,

7 (a) 3 feet > 39 inches
) »
(b) U2 inches < 3— feet < 1-§ yards . -
(¢) L0 inches > 2 feet > 1 yard ?
N ° ¢ . ‘. .

« ' . . ~

1,10 Mpasurement: A Classroom Experiment ,

. -

Each member of your c‘lass should bring a sﬁf&k to schognl to use as i:he
?_unitﬁfor }neasuring thé, 1ength or width, of the cldssroom. You could preterid .
, that you are measuring it for a carpet, so that you will then have an idea of
* what. gtandard of measurement’ is suitable. This will determine, roughly, the

. . length of the stick you will bring.

Question 1.  Will your stick be about (Ja) %‘ inch, (b) 1'foot, or (c)

. 2 yards long? ) ]

. '

. /During the 1esson each one of you should measure the length of the room,
usif\ﬂ‘g your stdck as you.r chosen unit of measure. As yop will have only one
stick unit and not & whole lot of exactly equal ones, you will mark ‘the lengths
off one by one, using a pencil or light chalk mark.on the floor or wall to
indjcate where the stick ends before shifting it. You will find hat a cer-

tain largest number of stick lengths can be placed end-to- end acr sg the room.

15 [ I
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Supypose,’ for example, thagc 34 .stick lengths can be placed across the roém,
but that there isn't room for a 35th stick, Then you would Know that the

.

, measu.re, d, of the room ({n stick units) could be state@ by the inequality

3l+<d<35.

Each one of .you, therefore, will arrive at an 1nequalirty. We 'suggest

that your teacher then make a taﬁe, like this one, on 'bhe blackboard.

@

14

-

Member of class . | Inequality for measure ' ’
_ Anna ._f, . 3 <d <35 ‘
Bob - 12 <d <13
Carla = 30 <d <3l ’
Don ' 29 <d <3l ¢ .
Ethel 39 <d < ko
Frank 62 < d < 63 ’ .
and 80 on . '

Ydu will be able to discxﬂ;s the results you get in a number of ways. 'The

following quest}ons (which’refer to our table printed above) will ‘give you

some clues as to-what donclusions can be drawn:

Question 2:

Question 3:

géestfon s

Question 5:

Question 6:
Questien T:

Quebtion 8:

..

Question 2:

ERIC -
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Who has failed to perform the m:aasurement accorping to the

instructions? . ‘
Who used (a) the large ]
(b) “the esgfstickv '

Whose sticks were closest to each other ir length?

Would you chooge one of these measurements as thé best, or the,"

most convenient, or the most reliable measure? 'If so, which? y
And why? . e
In w}{at. circumstarces would all the 'inequalities be the same?
If everyone had used a brand-new piece of chalk for siis or her
measure unit, should all the 1nequalit':1es have come out the
same? ) N .

If pleces of chalk were the only measfrring unit available,
would it ve possible to go and buy the right size of carpet in

the local market?

1

. What advanZEes, &f any, would arise from using sticks exactly

1 foot lopgjll rather than pieces.of chalk?
AN A
’ v
16, - '
V!
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1.11 Standard Units . ‘ . . .

»

You will have realized from the preceding experiment for measuriné the
classroom length that it gpuld be extremeiy aw%ward in ﬁractice if each indi-
vdidual uggﬁ his own individual measure stick. Many of the squabbles between .-

X primi?ive.peoples in bldenvtimes must have been due to different people using
‘dlffereﬁt measure sticks for the lengéh of, say, a field: tﬁe man who was
selling the field would say it was 55 pacés long add the man buying it would 4
say it was 49 paces long. Both might be fight because each was usiné_tﬂe

length of his pace as his Tinit and these were of different lengths.

. Thus, the practical necessity, and it is no more than practical; arises

" - for units of .measure which are common to everyone. The standard units of

+  length (as they are called5 are the meter and the foot. These units are the
ones agreed upon by the leading governments O6f the world. .Can you see why
there is need fé} standard units of measure in order to share the scientific

knowledge of the world? ' ' , -

L -
The foot is the traditional British standard unit of length which is‘
e widely used in English-speaking countries. ~ You will probably already_know

how it is related to othex common British measures: inch, yard and miles

g

L The meter 18 the unit in everyday use in the Continental :Buropean coun-

tries, and is also very widely used by most scientists all over the world.

/

Among_other measures related to the meter are: milldmeter, cerdtimeter gnd

kilometer. ,
‘ ; )
We shall discuss these various measures. in the next chapter.

¢
- L3

N ’ . .
1.12 Length Messurement

- -

Let us %onsider 4 object whose length is represented by the letter L.

> >
To find a measure of the length L we must first chooseQa suitable whAlt of
. length for comparison; ‘lét us call the dnit U. Then the measure of L in

terms of the unit U will be some number 4. " We now describe a ‘counting pro-

cédpre that will give'us an estimate of 4.

- . N

)k(shall assume that we have available a large number of sticks, eacp
with length U. Next, as is illustrated in Figure 5, the sticks are arranged
end-to-end along the line segment which defines the length of the quect;

‘starting at one end.- - |

Q 1723 o
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Figure 5. Measurement with unit sticks

We count the greatest‘ number of siicks which can be arranged as in Figure 5

without ‘ever overlepping the other #nd and we call this number n. In Figure

5, n = 8. Now, it seems plausible that we must choose d between the numbers

n and’ n+1, that is, we must have §

h ) n_<_d<n+1. T )
t

‘} ! 'I'ne sign < indicates that d could actually be equal to n‘if the end of .the '
. objdet coincided with the end of a stick. - ' . .
N . )

.

Let us use. the symbol nU to represent the length of n sticks, plaqed end-
to-end Thus in the figure the length of the objecy is larger than 8U and

v

. P
‘ ‘ w<L< (n)U; - . T (14) - -

T shorter than Qu.» In general, we can write .

If this inequality is compared with (1), it 'seeni‘s reasonable to require that

. K the measure d should be so chosen that L = du, because then we shall have

. ‘
T ¥ WU < dU < (nel)U. _— 6

Notice fhat the length measure d has not been exdctly determined. What

is more, because thére is no practical way of ‘h:aking absolutely certain that

the ends of two objects are precisely lined up, no measurement can be made

exactly. . There will always be un uncertainty, and this uncertainty may lead
to an inequality such as that in (). - . .
i ‘ '

y X

1.13 A Property of Order: The Transitive Property ’ oL

) In Section 1. 8 we explained what was meant by inequ.alities "in the same ¢
sense", both for numbers and for lengths We also bointecl out that if two
such inequalities "overlap" (the larger e€lement of one inequalfty being the
smaller element of the other), they can be exgressed at; an overlapping in-
equality. For example, if 6 < 7 and 7 < 30, we can write 6 < 7 < 30.

Q ' . : 18 f y
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Now we ask, what can be said about the numbers that are not mentioned
twice, such as 6 and 30? Can we tell that Q < 30? Certeinly. . How? By

direct comparison. .

Let's try again. What can we, tell about numbers a and ¢ if all we know
_about them is that a <© and b < ¢ for some numbeg b? This is & harder ques-
B @ e

tion, becaugé we cannot compare a and c¢ directly. But our long experience

" with numbers still makes us believe that a < c. .

’

Let us state our velief again, oriefly.

o
For numbers a, b and c,

if a <b and b <c, tnen a < c.

N This is in fact a property of our number system.

‘

This property af numbers is so inportant that we will £ind ourselves -
referring to it again and again. It will be convenient to give it a special
neme. The statement in tne above box is called the transitive property of
number inequality. We can state the transitive property in words.

’ R

\

If the first of three numbers is less

']

than the second, and, the second is
less than the third, then the first ' o
is less than the thdrd.

Now you may not believe the statement in,the box. If so, you should
pause a bit to try to think up three numbers such that the first is.less than
the second and the second is less than the third, but the first is greater

than or equal to the third. Like all the properties of our number system,the ’

transitive property can be used over and over;-\?pr instance, if a < ¢ and
c<dand d <b, can we say. any&hing about a %p&\b° Certainly. Since a<ece
and ¢ < d, we know that a.< d.T‘Ihis new fact, a <4i;together with d <b

tells us that a < b, if we.use the transitive prop y once again. N

Measurements, we have insisted all along, are not numbers. Do you sup-
pose that there is also & traneitive property of length ineqnality? ‘Do you
believe that if the first of any three lengths is less than the second and
the second is less than the third then the first must be less than the third?
Or, to put it more briefly in symbols, do you believe the following statement?

Q ' 1927
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L ifU<VandV<W,_thenU<w

-
If you are not yet ready.to believe it, there are two courses open to

you. First, you could try to Yind three lengths for which tne transitive
property fails. If after many trials you are unable to find three such
lengths, you may begin to suspect that your task is impossible, or, to put

it another vay, that length inequality is transitive. ¢

[ LS VS S

A second wey to convince yourself that length inequality is transitive
is to ask whether it must be true because of the neaning we have given to tre
statement (length)U > (length)V. In Section 1.3°we learned thet

(length)U > (length)V means there is a length T such that U = V < T.

hat ig two lengths are unequal when some length added to the smeller gives
the larger. .

3

. >

Now let us suppose that U >V and V 3 W. To show that the inequality
U>W must be true we must find a length which added to W wi.l give U. Then
our job will ve done. ‘

Here goesg. - \
Since U> YV then U =(V)+ T for some length T.
Since V >W - then =W +S for some length S'Y

Since V and W + S are different names for the same length, ve can re-

Place V by W + S whenever we wish, so

U=W+S +T
/

or better U=W=+(S+1T).

This says that by adding a length S + T to the length ¥ we get lengt
U. That means that W is the shorter length, or

(1ength)U > (length)W,

-

as we wished  to ‘show.
1 .

Exercigse 8 °
1. State the transitive %roperty of number inequality using "greater than"

- Is there-a transitive property for equality? 1If so, state it.
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! ‘
) 3. Test the following phreses for transitivity. e
7. Exémpler * - S : S
: : "ig the father of" . .- ,
. , If A is the father of B, and B is the father of C, it does rot
follow that A is the father of C. Therefore "is the father of"!does
not have the transitive property.
(a) "is older than"
(9) "lives within 200 rdles of" : ~
N (¢) '"has the same motker as" -
' , (3)" "is tailer than" - N
{e) ™lives -mext door to" R
B
L, a, b, ¢ and d are numbers. State an inequality be’tveen‘a ané &
(whenever possible) in each of the fglloviu.g cases. '
. (a) D<a, c<?, ®>4;
) (b) é>b,b<c, t>a; ' ;
(¢) d<c,ea>c,b>8, d<b; o ) k
) (@ ¢>b, a>b, b3 & .
' (e} a<c,b<c, d>0.
5. *In the four exercises below all letters refer to numbers. R
(a) Ifp<gqgandg < r, does it follow that r > p? Woy? )
(b) Iz m >p end'p >n, does it follow that m > n? Why?
R (¢) I£a>¢fand @ >g, does it follovw that £ > g? Why?
-~
(@) Ifh<kand§ <h, does it follow that k > J? Wny?
;1.4 Aoother Property of Order: The Addition Property
Our cAncluding section descrites a new property of inequalities in the
same sense. We start off as usual with number inequalidtes. .
. «  We can all agree that 5 < 8. 1Is it true that 5 + 1 <8 +1? That
5+11 <8 +117 That 5 + 126 < 8 + 1267 Checking each inequality, separ-
 ately we see that 6 <9, 16 < lc}, and 131 < 134 arg all true statements 8o
" the answer is "Yes" in each cédse. Does it seem to matter which number ve %
» LY
choose to add to both sides? . . B,
Iet us try to sum up whlat ve are beginning to suspect. Let vs use g,
b and t for the names of numbers. ¢ o
Ifa<b, then®m +c<b+g,
s . 3 .
e - _oa
. *ERIC t 29 :
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F2s o L7815 indeed & propert;, of oar number sjsiem, ire addition property of
4 - .- - . B — - ——
number inequalities., - . -

8 .

If eguel rn.mters are esdcded to totr numters of an irequality

. " ine sums ere .negual in ine same sense. N

. -

Krowing this yoo srnould Te etle to.prove tne following s-atement.

[If e <t, tnene ~c<t + c.]

Yiow for so more emritioas. We start wiin two namtcer

33
a8
12}
-
&J
)
[\
)=
.
o
ot
)=
o

inequalities in <7e seme sense: 7 > - and 3 > 1: Is =re sum of -<he <wo

~8Tger r.miers greater trgn tne sumol tre WO smaller rn.mters? Is it <rue
- - -~ - S . s JEET
. thes = x>~ - 210 Zince 1T > 7" Is & ir.e stztement, We Cam sy ves.
¢ yO..Trning tret it will always wOTK 0.3 Life =rist More drecisely,
i1 ell yo. xrow etour fo.r nuzters z, £, ¢ end & ‘s tnat e >n and o > a, .
woulé you feel very sure trat .
.2 ~c>% -4 T

Here 1s & good wey 0 answer <nls guestioz. 'We use what Wwe Xnow atout

acddirg equal rnurlers o Ttoth nuxrers of arn izequality. ‘e ‘.
Since & > %, c addeé 10 toin numbers

wn
i~

nce ¢ > ¢,

T eddedG 10 toin rumbers

.
.

Irn'Tre tox we see Iwo overlspping Inequelities in tre same sense. Thnere-
b

Zore we cen ise ire trznsitive property of nunter inequality ot gis

v .

1

e ~¢c >t ~-d. . “
let's suz ap ocur~findings.
-
* : - : .

For ery four mumters a, t, ¢ nd d, .

if a >t and ¢-> 4, tnen .
g r¢c>%t,-d.

‘ -
~ 1} Tre stgtement Iin <re Tox cen te summeé up in words as follows:

The sum of w0 inequalities naving Ine same sense is & new inequality

, having re ssme sense.
-
. .

. It is pertic.lerly ees;y o use tnls =ddition property when the inequali-
>

. ties are érranéed one or tor of <rne oirer as shown below: .
i ' ' 2 > ot
) c > g o //
) g -¢c > t -a¢

ERIC a
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Here the two given inequalities appear above the l{pe, and the resulting in-
equality appears below the line. The sums below the line are formed from the

numbers directly abQve them.

Arranging our work in this way i;kes it easier to work with a pair of '
overlapping inequalities in the same sense. Suppose that a and b are num-
bers for which 5 >a > 3 and 13 >b > 7. What can we say about the sum of i
a and b? How big can it be? How small can it be? The answer comes quickly

when we rearrange the ineqQualities as follows:

S> a >3 . /
13> ©  >7
= +13>a ~b>3+7
[ 3
or 18>8 +% >10 ,

« N

This shows us that tne sum of & and b must be less than 18 and greater than
10,

So far in tris section we have spoXen ohly of number inequalities. Sim-
ilar statements can be made about length ineéualiti?s. Each of them can be .
proven true by using the meaning of the statement (length)p > (length)V.
We list them here for your use without proving them.

Suppose U, V, S ag?‘T are any lengths.
4

J IfU>V, thenU +S8 >V + 8. .
IfU>V,and S >T,,thenU +8 >V +T.

¢

. Exercise 9

1. Given the four numbers, R, S, T, U where R > S and T > U. Prove that
J‘R +T>8 +U. : '
' Suggestion; add T to both numbers of R > S and add S to both
——Aumbers of T > b: Now apply the transitive property

+o the two new statements.

2. What can be said about the sum of the numbers x and y in the following?

(a) 2.2<¢x< 2.5'and 4.l <y < ks
(®) 3>y >1 and 16 <x<18
(e) 11 <y and x > 9 B

(@) 7<y end x<7

.

O . . . a3 ) L
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o o . 3 Suppose that a, b, ¢ and 4 are numbers o -
' (a) Ifa<b and ¢ < d, how do the sums & + c end b + d compgre? -

() If@<b and ¢ <d, how do the sums & + ¢ and b + @ compare?

12

1.15 Summary

Measurement is the pfocess of comparing some object or event with some
unit which we have chosen. This comparison process always gives a number,.
known as a meésure.? This number, or measure, will depend on the choice of
unit. In~m§king measurements we make a mathematical model of some physicaii;.r
gituation. When we make a uékhematical model we Ehink about a "perfect".,

object or event. This way we-can give a definite meaning to dimensions.

Whenever a length messurement is made it is°masde for some definite pur-
péée. \This purp6ée will ,usually sugges® the unit of measurement we should

= 'Ehooser Cur choice of a unit for, any measurement depends on the accd}acy we

requifé or the error we are willing to ignore. The needs of people to sghare

ideas have resulted in the gselection of standard unitﬁ of measure.

"

When numbers are compared as to size, there are three possible results.
The numbers may be equal, the first may be greater than ' e second, or the
first may be less than the second. The sense of a stateflent of inequality '
indicétes whether the first number is greater than the second or the se.ond
number is greate} than the Pirst.

\ -

* Two important properties of orderfare the.}ransitive property and the

addition property. The transitive property shows how we can éomparg the
extreme ends of an overlapping inequality. " The addition property lets us \\

add the same number or measuremepnt to both sides of an inequality. .

© % 3 O
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) <% Chapter 2
P LENGTH AND THE NUMBER LINE

2.1 Using Related Unlts in Measurlng

Let us consider a definite problem, namely, the measurement of the
length of our desk. Remember that first we have to meke a mathematical
model of the desk because in fact it is chipped and rough and crooked.
Having made this mod;gv, we now have two defini{ev points to measure be-

T
=~ . tween. -

Next we have to choose & unit of measure. Normally we would pick one

¢ of the standard units. However, we may wish to compare the length of this
desk, as acqurately as we can, with that of some o’ther desk of the same -

type., Are the desks the same length or do they differ in length? To get

e» good comparisor we choose & guite small unit of measurement such as the

millimeter. This is a small-unit of length about as lorng as the distance

between these $wo lines |.| - ‘

”

Suppose yo;r desk is rough'ly 1200 millimeters l_ong\. Let us assume, for
the sake of the argument, that your measure of length is 1253 millimeters.
Remember that this result could have been obtained just by counting milli-
meter sticks laid end to end; one thous“and, two hundred fifty three of them!

In practice, what we would have done is illustrated in Figure 3 of Chapter 1.

N retend 31 ‘ Length of desk : ]
- $ W<—12‘53 separate millimeter units —.-[ﬂ]
; We first t'ake one meter gnd magnify what is left,
Z‘/r ) [ 1 meter = 1000 millimeters | ]
. i mégnify
2| 1 decimeter | 1 decimeter ] |

then we take tWo decimeters and
again -magnify what

Isleft~ [l centi-{ 1 em ] 1 em r lem [ 1 em . ]
meter 4

)

3 mm
The next smaller unit is the centimeter. “We note "that there
. are 5 centimeters with 3 odd millimeters left at the end. -

Figure 1. ‘Measurement of a Desk

\‘1 , ’ [ 25 .
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Finally, we can write for the millimeter measure of the desk, 4,
1253 < d < 125k,

We have actually obtained. the numbers 1253 and 1254 by taking batghes of
decimal groupings. The 1253 has really been constructed ss

1(1000) + 2(100) + 5(10) * 3(3). -

The measure numbers 1000, 100 and 10 which occur in this statement are
called compound measutes : they are not the basic measure but are certain
carefully chosen multiples of the basic measure. In fact, each is ten times
the succeeding one. For this reason, such a system of counting is _calléd .
the DECIMAL SYSTRM. '

- - -

Measurement, as% have seen, involves ccnsiderations over and above

i . -
those of counting. However, throughout the measuring problem, it is more .

convenient to use a system which is based on the decimel system in order to ~

si;mplify the counting that must be done. This is provided by the MEIRIC
SY‘STEM.oi‘ medsures.

2.2 The Unmarked Stick Experiment o . .

To help us understand the ideas of measurement and the need for sub-

division of the unit of megsurement, we shall perform an experiment.

Bring an unmarked straight stick about 15 inches long to school. Sup-
pose you use this stick as your unit of length U. With this stick, m’easure
the height of the door of the classroom, the length of one of your books and
the width of & room. On a sheet of paper in your notebock make a table’sim-
ilax: to the c;ne in ‘Fi’g‘ure 2. Record the results of the measures“you have .
msde in the form 4t inequalities. Your tgble’might look like this, but the
numbers you agsign as measures will probably be different.

/
l .

. / Teble I: Measurement in Units )

- .
4 < height of door < 5, nearer to 3
g

.
. .

length of book < 1, nearer to l‘

o]
1A

15 < width of room < 16, nearer to 15

-

>

Figure 2

'The estimates given in your table are probebly not good enough for most

.26
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'o make better estimates of these lengths, you may considér divid-

pu?poses.

ing the stick into equal parts, for example, into tenthgﬁof a unit so that

- =

you could m?ke statements such as
! !

| L.8 U < height

Let us see how we could divide

of door < 4.9 U.

our stick into ten equal parés. Take

v two shgpts of ruled notebook papér, Check that the lines on these sheets
are equally spaced by moving one sheet along tﬁe other as illustrated in o
Figure 3.. - . 2 ..
- )
. . ' A
: =5 L ,

. . v
’ ‘,r . 7
- > *

Figure 3. Test for Equally-Spaced Lines »
: ’
Tape twp sheets together 'so that some of the lines on the top~of the
second sheet axe aligned with*%ome of the lines on the bettom of the first
sheet. See Figure k.
) 1 - O. .' i
: - = XE 1
. B » "_i X . . «
. AEDY 2 ’
- . S A ,
N\ X
. . NN 3 .
N\ N ‘
Ny h
, N A
) » — —X \\ ——t
T A\ % >
< . \\ \\ 6 .
— N\ X T
M NN .
. A\ e 8 . .
. X .
‘ \ A0 .
.. . e Figure 4. Subdividing the Stick -

[

Numper the topmost line O, skip the next two lines and nu@ﬁer the tﬁird
=
line 1.

Skip the two following lines and number the next line 2 and so on

Q ' 27 -
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until you reach number 10. Plagce one end of the stick és nearly as possible
on the line which was‘numb_ered Q,. and_adjust _the stick diagonz‘ily acrosg the
sheets of paper #5%f Fiffure 4, so ¥at the other end lines up with the line
marké‘d'“lv.‘"rl:-f the stick overlaps both sheets, you may have to shift your

second sheet down and retape. Mark, with the numbers 1 to 9 inclusive, th

v

points where your numbered lines meet the stick.
i Use this marked stick to measure the same iengths as in Teble I. This
time you will allow the stick o extend beyond the edge of the desk on the
last act of measuring and count the number of divisions of the stick which

<

do not extend beyond the edge of therdesk. (See Figure 5.) The entries
should be on the form: L.8 < height of door < 4.9, nearest 4.9, and so on.
Record your data and label it "Table II". .

« v

~—

Figure 5. Measuring with Marked Stick

. . /
To find a still more accura}:e estimate of the lengths we are measuring,~v’
we must use a finer division of the stick. Repeat the method originally used
to divide the stick, but use paper with ‘]]Lues much cléaser together. ,Choose a
plece of gfap}{ paper such as that shown in Figure 6. Number -8 horizontal
line on it as the O line, and number the successiv‘e horizontal }1nes from 1

to 10 inclusive.
. s ]‘

o sd
1]

.

T | )
"1 1 f - EaREahEnry
) Figure 6. Dividing into Hundredths } .
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Place one end of the stick on the lim.bnumbere;i 0O and adjust the stick
go that tl;g line numbered 10 on the graph meets the stick at th—e firstrqlark
(numbered 1) you made before. Now mark (do not number) the stick at each
point where the stick crosses a numbered line on your graph. To divide the .
next interval on your stick, slide the stick up the paper until the Jfirst
mark numbered 1 is on the line of the peper numbered C. AdJust the stick
s0 that the mark numbered 2 is on the line numbered 10 on your graph paper.

4 . A'gain, mark the stick at each point where the stick crosses a numbered line

of _your graph. Repeat this procedure for each of th; original divisions on

your‘ stick. It will now be divid'ed'into one hundred equal intervals of /
length.. . N

Repeat the experiment of measuring the door, the book, the room, and
", record your data in Table III in the same form as before.
P

- - Exercise 1 = ’

8 1. Explain why moving the sheets along each other as indicated in Figure 3

.

\s@p&that the lines are equally spaced.

2. How do you know that your procedure for dividing the stick into ten
p#its of équal length really works? Devise-a method to divide the

.
‘ 4

g sf'ick into' seven equal parts.
3. If you are ﬁeasuring'your desk with a meter stick marked in divisions
down to millimeters, how many decimal places will you be sble 4o give
< ' in the meagure in'equality'if the measure is based on units of
. +  (a) Meters?

(b) Centimeters?

A (c) Kilometers? - /

v b, Me&asure the length of your neighbor's stick with your stick, and find

its measure to the nearest hundredth of your unit. Use this number to”

convert his data in Table I to measures in terms of your un:Lt. Do the -
results you,find this way agree with your measuranents noted in Table I?

If the agreement is.unsatisfactory, cap you give some explanation for

s i ’

i ’ the disagreement?

e M - N Lih

5. Convert your reighbor's data in Table,III to measure in terms of your
unit. Do théée results agree with your meesurements ,noted in Table III?
- Is the sgreement between your results and your neighbor’s rédsults better

- or worse now thah in Problem 47 ¢ - ) /

Q ’ 29 w . B
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3.3 The Metric System of Length ¢

Consider the desk of Figure 1 in Section 2.1 which we assumed was ié53
millimeters long. Its millimeter measure, d, satisfied the ineduality
BN A\

1253 millimeters <d < 125k millimgters.
Az{other way of expressing this inequality could

1253 < d < 1254

where the m, calleéd a subscript, tells us that the unit of measure used here

is the millimeter. Whe expression d is read "4 sub m".

Supposé we were asked to find the length of the desk measured in centi-
meter unitss We mgy’ try to answer this by using the same method used in the
previous sections and counting the number of centlmeter sticks which do not
overlap the desk. If we call d the centimeter measure of the desk, we wouid
find thgt 125 < dc <126. .In a s:unllar way, i1f we count using decimeter
sticks, we would find _that the decimeter measure dd satisfies 12 < dd < 13.

We now have three different inequalities for the measure of the same

length: : , E
. 1253 <d <1254 ' (1)°
125 <d, <125 _(2)
12 < dd'< 13 . ‘ (3)

It is obvious that these three inequalities tell us successively less and

less about’ the length of the desk. For example, the last inequa’lity states
only that the length oi‘ the desk is between’12 and 13 decimeters, whereas
the first inequality 1ndicates a closer estimate, namely, that the length
of the desk is between 1253 and 1254 millimeters. . '

Is there some way to show that each of these is an accurate measure;fpr o

the length of the desk? Yes, since we realizé that in each.case we are.

measuring the same length. , o e
» * N . »

Now we know that the metric system is a d‘écimal system. We have al-
ready indicated that when the basic unit of one mete/r is divided into. ten

equal parts, each part is called a decimeter. In mathemastics, we would say,

. T —
‘ 1 meter = 10 decimeters. (%)

Another way to say exactly the same thing is
4

* 1 decimeter = = meter. (5)

10 b
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Carrying the same idea further, we can divide the .decimeter into ten equal

parts and say
» 1 decimeter = 10 centimeters. (6)

Similasly, we can say
1 centimeter = 10 millimeters. (7) :

’

To express the léngth of the desk in centimeters instead of millimeters

we note that : >
1 millimeter = -]_.]:6 centimeter (8)
» is another way of saying exactly the same thing as statement (7.

Since the length of the desk was 1253 millimeters, we find by us1ng (8) that

1253(—- centimeter)
1253 X —-j—' centimeters
125.3 centimeters N

1253 millimeters

-

'In a similar way, we could find the decimeter measure and the-meter
measure of the desk. We begin with the fundamental relation between the
units, namely, i that .

1 meter|= 10 decimeters = 100 centimeters = 1000 millimeters.
We arrange it so that | ' .

_ 4 1 o1
1 milliJLxeter =% centimeter = 106 decimete/r = 7000 meter.

Then the length of the desk is
1253 mm = 125.3 em = 32.53 dm = 1.253 m.”’

Notice that the fouf measures o'f theedesk are related to each other.
One megsure can be obtained from the other by multiplying or dividing by
sdme mul.tiple of ten. Thus, the magnitude of these numbers differ only in
the position of the decimal point in each. So 1253 millimeters (remember a
decimal point is to be understood after the final digit> 1s equal to 125.&
dentimeters, to 12.53 decimeters‘, 5and to 1.253 meters.s This simple rela-’

. 5 tion between the measures ih terms of the different units is the reason why /

+

+ the metric system is so convenient to use.

\
‘\' , . This proqé of.chénging from one basic unit of measure to another with-

\ out actually going through the process of measuring with the new unit is
,called "conversion of units". As you will natice in the examples, the ex-
———Presston-3253 millimeters could be thought of as 1253 millimeter units or,

-~ .

4
‘ LS
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ERIC : SN o . ’




—p—r P o T I N ¥ 3 . i. N
T y s v
. more simply, \ S
. +
. 12 1 millimeter).
X G 53 ( r) . .
. The conversion to centimete;rs can be broug'ht about by referring.to (8} and
replacing the (1. millimeter) with its equivalent, (-l% centimeter). Simil-
- : arly, to convert to meters we would write » .
N 1253 (1 millimeter) = 1253( meter) '
80 that we now have -~ ) . ‘
‘ . . 1253 millim%er = 1203 meters = 1(.253 meters, . ° e ‘
4 1000 N .
' Let us try two more examples of this change of units. Supposg a length e
e
is 23/ meters. What is its measure in decimeters, in centimeters and in °
meters? We have . . . ;
v R g
23.7 meters = 23.7(10 decimeters) = 237 decimeters} . .
. also . -
B . N ¥ N .
. 23.7 meters = 23.7(100 centimeters) = 2370 centimeterg, ° .
and . . .

23.7 meters

23.7(1Q00 millimeters) = 23700 mil],imeters.

Notice that the different measures 23.7, 237, 2370 and~23700 are‘ obtained
from each other by multiply:mg by some multiple of ten in ortj.ez‘ to get the
correct placement of the decimal point. Similarly, to find the different N )

measures for a length of .038 centimeter, we write T
TR A
. + e e -
.038 centimeter = .03§(10.millimeters) @ % °
> B ¥ ot
= .38 millimeter, Tl -

;038 centimeter

1
.038( 10 decimeter)

- = .0038 decimeter, ’ 3 —
- - N ‘ t s Y
and ? v)‘:'q
- d :::qgoé. » 3
. 1 v Al e
.038 centimeter = .038(==~ meter) e
f . - 100 M
¢ -y . -y
. = .00038 meter. % ’2‘;‘ v R
’\.*,‘b>‘ 7
The measures .038,4.0038 and .00038 are obtained from each other by . Y aets
successively dividing by ten and, in a sense, moving the decimal point one :;;:?;.:i g

E place.to the left, using zeros to fill in the empty places.
© ] /I
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> Exercise 2 o

1. Complete the following table where each row refers to & given length:

e
v
v -

&

" Millimeter Centimeter Decimeter Meter
Measure Measure Measure Measure
a ‘ ' 5672 ) | s
b ) 20,47 . .
. .056
a . 2.3

. *

2. TFind out how the lengths, meter, ﬁeliameter, hectcmeter, kilometez“ are
related, and extend the table in Problem 1 to the measures in each of
the last three upits.

7

3. Describe a counting process that could lead to & meter-measure of

23.987. \ _
4, TFill.in the following blanks: [1 kilometer = 1000 meters] %
of ) *
5 kilometers = . meters
. -256 millimeters = kilometers
1245 centimeters = - millimeters
’ 536 centimeters = kilometers - ‘
0 - I-d .
’é. Write another expression which says exactly the seme thing as each of
- . the following: e
R .
v (a) 1 foot = 12 inches - . “
: 1 g -
(v) 1 yard = 7% mile . @‘ &

Aruitoxt provided by Eic:

A

v

- (¢) 100,000,000 Angstroms = 1 centimeter et
(d) 1 foot = 1/6 fathom
3 «(e) 1 foot = 2/33 rod

v ’ (£) 1 inch = 2.54 centimeters .
6. ~Fill in the following blanks: .
(a) 12 feet = inches
' (v) 1/88 mile = yards
- i 33 .
41

&




) 12,000 fathoms = feet

) 1,000 Angstroms’ = meter
) 1 meter = feot

) 1 inch = Angstroms

2.4 Successive Approximations to a Length-Measure

The two approaches to the measurement of length given in Chapter 1 and
in Chapter '2 resulted in ean inequality for the length measure of a given s
length. Neither of these gave & method for actually finding the exact value

of the length measure. . !

.
The two procedures may te outlined as Zcllows: Given a length of
2549 1/2 millimeters,

the method outlined in Chapter 1 would give an inequality which would

- use only counting number such as

r

2549 < d < 25504 in millimeter measure.

The me_t\hod developed thus far in Chapter 2 could give an inequality

which would use numbers expressed in decimal noteation, such as

2.549 < d < 2.550, {n meter messure.
An advantege of $he second procedure is that it can be continued (at
least theoretically) "ipdefinitely. For éxample, i2 the length of
25L9 1/2.mil_limeters is measured by using finer and finer divisions of the z
unit, the following inequalities might be obtained.
2<d <3 g - -
2.5<4d4 <2.6
2.5k <4 <2.55 in meter measure (2)
2.5%5 < 4 <2.550
2.5L95 <4 < 2.5456

W)

The number 2549 1/2 when written in decimal form-would be 2549.5 and so the

last inequality, 2.5L95 < d < 2.5496 does«follow from what we know. These
-}

-

. inequalities g%ve estimates of d of steadily 4nereasing accuracy. We also

O

ERIC
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say that these inequalities give successive approximations to the meter

measure d.

/
In practicej one would have to stop giving successive approximatipns
when we reach the smallest division of length that can be counted. For

exemple, in the last'inequality the final 5 in the fourth decimal place

o

2,3

~

.
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. .e . . .

refefs to 5 tenths of 8 millime'ter. To obtain this, we need & very fine

seale divided into tenths of & millimeter and prodebly e megnifyihg lems -

to count them. To con‘:inue ~hat series of inequalities’ to the nex: decimel

place would rec;uire an even more delicete method ¢? measurement or scme in-

direct methcd. ’
v

In practice, therefore, cne 1s lizized ¢ g certein number ¢ relistle .

decimal places :n the Inequalities.

. Which 2f tne fallowing LS & mCre sccirate esiimete for the same lengih?
v
fa) 3,28 < 2 < 3,25 in meter messuire or )
iy o N
3258 <3 < 3257 in millizeter mess.re .
. (v} =6l <4 < 362 in centimeser —easure Cr
’ . 26 < 2 < 57 ir millimeter measure >
o
(¢) <789 <& < -790 in millimeter measure or - /

L.785 < 4 < L.790 in meter messure
- ’ ) .

2. wnicn of the following gives the mcsy accurste estimete cf a cersein

lengin? T
(a) ip zeter measuye 2.8l <d <s.& 5
(t) :in kXiicmeter measure 0.0058 < & < 0.0C59
. - .
{¢) in millimeter meessure 58l1 < d < 5812
(@) :n centizeter mkdsure 28l.14 <4 < 581.15
- - . '
3. Suppose the dekameter measureld cf e length setisfies zthe inequality
8.967- < d < B8.9€75, Write inequalities for d in terms of the units .

Ay - i Q'
.used in Pretlem 2.

L, At what stege in the fo.lovwing series of approximations hes the pro-

cedure of suqcessivo@‘.v‘.sion been viclated?
6

S <dcx<
. 3 5.6 <d<z.8
- S.63 <d < 3.6% ; g
s.63L, <4 < 5.632
’ Does any one ¢? these inequalitles contradict another? 5

n

5 &
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2.5 Ine Determination of the Length-Measure

/I.et us use Figure 6 to illustrate the inequalities of the pz\'ec.édi'ng
. section. On eath separate diagram the thick part of the line indicates .
the range'of the inequality. To illustrate 2 <4 <3, we make that.part

o:." the length which is between 2 76' 3 thicker than the rest.

4

1 unit ]
T L : ¢
2 < d < 3 [ * | S ’ -
3 1 2 3
2.5<d <2.6 - ; ——t ’
: ‘9 : 2 D
2.54 < d < 2.85 — 1 F A @
0 1 2
N Figure 6. Illustration of Inequalitfes .« s

It appea*‘s from this figure that the third successive approximation, -
'-ritn only three dec_ma- digits, already gives a remarkably accurate repre-
sentation of the length of the line. The next approximation could not- be ’
1llustrated well tecause 2.5435 <@ < 2.5L96 would just look lile this:

| ) '

F L ’/
4

.

The figure “or the next approx.ma‘,ion, say 2.54951 <4 < 2. 514952 would '
lock even more like & definite line with no "range of uﬁcertainty" at the

»

right-hand end.

. s e

4
Frem these diagrams, 1t appears that we could keep on getting' cioser
Yo the exact measure cf the length if we used spaller divisions o&',.‘;we”*--g_‘
unit. Of course, no matter how small the division, our measurement gives ¢

- ’

u.s omy an inequali y For exemple, we might f£ind that rE S

=

2.549512 < 4 < 2.549513.

I . . ' -
Consequently, with this 3ivision of the unit we have found a lower®eftimate
2.5k9512 and en upper eétimate 2.549513 for the measure 4.

However, if we keep on dividing the unit and measuring with this new |
divisioi, we believe that this f)rocess will define a single number; & number
which is between any lower estimate and any upper estimate. The single num-
ber that is defined by this process is the exact measure number of the /
length. -

L 4 ' ' ..
ERIC * + 8
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How is this measure number expreSsed? If we use a measuring process
in which each division is one-tenth of the preceding division, the meesure
number will be obtained as a decimal in which the number of digits goes on
end on. For example, -.ppose & length is exactly 1—3 meters long, and we
try to measure this length with a meter stick by continually dividing into

_tenths. Our successive estimates to this measure would read as follows:

3 <d <k
3.3 <d <3.4
. . 3.33 <4 <3.3k . -
3.333 <d < 3.33% S
) 3.3333 <4 <3.333%

] and so on. If we did know that the sequence of estimates illustrated above

would continue indefinitely, we would know that
- d = 3.3333 .

(Here the dots mean that the threes continue indefinitely. ) Of course, this

number d has the simnler name 3l or %9 but this does not mean that every

decimal has such & simple name. !

To summarize: the measure of a lg‘éth is assumed to be an exact num-
ber. This number may be & decimal which cannot be written exactly. How-
ever, we can always get estimates as close to this number &s we please.

v " Exercise 4

1. Write down the first five successive estimate inequelities in decimal
form, to the following length measures:

. 2

f (a) 149.3747921 (v) 8.999999
(¢) 3.22 - (4) & :
] . 1
= = -
; \(d.)‘ ‘“‘2 (£) & 7
o2, Guest; the value of 4 in each of the foll?wing cases: B -
b<d<s oo : . .
Llcdacbh2 . e

b4.16 < @ < 417
4.166 < d < 4.167

!
and so en, ¢

r

¢ : t
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ég'd <3
P 2.6 <d <2a.7 : )
. ' {2.665<_1 < 2.67 '
/ / 2.666 <d < 2.667 ,

. and so on,

' 3<dc<h .
. ‘3.1 <d <3.2
| Al e ) 4_3.1h5d<3.1§ !
3.141 <d < 3.142
3.1415 <4 < 3.1416
3.15159 <4 < 3.14160

and so on.
0f which of yQur answers hre you certain?
~

. . ~
s

2.6 How Lengths' Are Quoted in Practice

-~

To simplify dur discussions, we have sometimes considered lengths which

xﬁk can \e given exactly by & measure number. An example of this is: .

3.67, which contains only a few degimal digits. Actually, nearly every
length is such that its measure is bound to be given by a nonterminating
decimal. Since it 1s impossible to quote such a length exactly, we recog-
nize that all statements about measurements imply an inequality and thus,
two numbers. However, for convenience, we qudte one number and make an

.

agreemeft about what inequality should be implied by this number. {

Before discussing this agreemeht, we must conside* the topic of signifij\
cant figures. We will define significant figures as figures which are the
result of a measurement and not a result of conversion of un + Consider
the examples of conversion of units in Section 2.3. We saw there that
length of 23.7 meters can be expressed as 2,370 centimeters or 23,700. milli-
m\ters. In these two cases, the new measures were not found by the act of
measuring. They were merely‘arrived at by converting f;om meters to centi-
meters or from meters to millimeteri. Then the only digifs in any of these
measurgs which Were the result of measuring were the 2, the 3 “and the T.
The zeros in the second and third numbers wsre introduced as the result of
conwerting units and not as a result of measuring. We say that only three
figures are significant in any of these numbers. Of coursé, if you see a

length such as 23,700 mm, with no additional information), you cannot tell

. . b
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how many digits are significant. When we discuss scientific notation, we
. AN .
shall learn a form for writing measure numbers which will clearly show how

many figures are significant.

Let us return to the question of what inequality is implied .by giving
a single number for a measure. Suppose, as the result of a series of
measurements, we have obtained the fol‘lowing successive &ppro;simations:
2.<d < 3 . o
25<d <2.6
: 2,54 <d <2.55 :
. . 2.549 < d < 2.550
2.549k < d < 2.5495

Looking at the second inequal_ity,'we .can say for certain that this in-

equality shows that d is closer to 3 than to 2. Thus if, for the purposes

of the measuremént, it is enough to give d to one significent figure, then

- £
the value to give is 3 rather than 2.

'

Continuing, we can (siee that the third inequality shows that d is closer
to 2.5 than to 2.6; thus, if we require two significant figures, 2.5 would'
be the best value to take. g

*
To three significant figures, the best value for d is 2.55, and to four
significant flgures, the best value for d is 2.549.

. -

You vill have noticed by now that to know thg best value for 4 at any
stage of the approximation, it is necessary to know the next approximation.
We shall make the following agreement or convention gbout stating measure

numbers : . . <0 .

?

At a'nx stage of approximation, we@e that esfimate which ¢

is closer to the measure. . 4

—_—_—— e = —_— N

Now, if this convention is adopted bs standard, we can make a definite '

statement about the possible error in any given measurement. Suppose a

. measure d is quoted as 2.55 to three significant figures, then it implies

O

RIC
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2.545 <d < 2.555. C(9)  F T,

Ed

If it were siightly less than 2.51+5, it would be closer to 2.54 than
to 2.55, and so would be given as 2.54; similax:ly, 'if it were slightly
greater than 2.555 it would be closer to 2.56 than to 2.53, and so would be
quoted as 2.56. 'l'}lus, the possible error in the quoted value for the J
meagure 1s no greater than .005. That is to say, the measure is given to

the nearest hundredth (.01) and we are certain that this value is closer
: /.
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than half of tbis uhit to the accurate vaiue. T‘herefore, we are qe'rtain\
that this number>2’.55, which is correct to three significant figures de-
scribed any measure which could be reported: by the inequality
2.5% < d < 2.555. '

, ]
»
3 ”~ .
' " Exercise pl /
1. HoW many significant figures are there in each of the following numbers ?
. (a) 573.02 (@) .0Q5706
. (b) 2.91 (e) 5,296,000 ’
(¢) 3.14159 , (£) 3.760 ' §
. {
2. Quote the following measures to two significant figures:
“
(a) 3k.06 <@ < 34.07 (e) 29,783 <d < 29,784
(b) .0T65 <d < .0766 (£) 125 <da <135
(¢) 1374 <d <1375 (g) .0195 <d < .0205
(@) .000567 < d < .000568 :
. 3. Write the inequalities implied by the following measure statements:
m is approximately / ‘ g" -
(a) 2.6 (a) 1.059 ‘
(v) .075 {e) .003 -
(c) 260k (£) 276.53 ’
2.7 Exponents a
.
sy L .
, In the discussion of the metric system for measuring lengths, we saw j
that the fundamental unit of length was the meter (m) but that for some
purposes it may be.convenient tg use a smaller unit such as decimeter (dm),
. " centimeter (em), millimeter (mm), or & larger unit such*as dekameter (dkm)’,
-/ . . e
~.-  hectometer (hm), kilometer‘(km). These units are related as follows:
o _ - . ~ L. _ 2 .
d lm-lOdm—lDOczn—lOOOmiloohm——looom.
- We ses that these new units are obtair;'edu"from the meter either by success- .
ively dividing by 10 or successively multiplying by 10. .
- ~
If we want to measure very small distances, such as t}{e size of an
atomic nucleus, we might have to use the unit that we would get by dividing
the meter into 10 equal parts, and ‘Ccﬂen dividing this part into 10 equal ~

parts, and so on for 15 times. On the other hand, if we want to measure
- 4 ’ wo L ;’rﬁ
. . o o

43 40 ' s
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very large distances such as the dlameter of the galaxy, we would have to
use a unit that we would get by ta.king a unit 10 times as lprge as the
meter, and so on for 22 times. The ratio of the length of'fthis uniy to

the length 1 meter would be the number written one i"ollowed twenty-two

© 2eros. . g
. 1'% 10 = 10
) 10 X 10 = 100 )
' 100 X 10 = 1000

10 X 10X .. X 10 = 10,000,000, 000,000,000,000,000 .
22 numbers 10

)
Similarly, the rati® of the length ofrthe small unit to the length 1 meter

would be the number written as a decimal point followed by fourteen Zeros”

and. then by one.

1
C To= 0t .
/'l 1
—h = = (.
6% 10 = 100 - °-01
1 1 R
10X 10X 10 - 1000 - 0-%01
gy l _ )
g 9‘ “‘, 1!1 . :
o Y. ~
\ g 75 = 0.000000000000001 . .
§

7 15 numbers
It is sglear that for problems 1nvoly1ng such large or small numbers a better

‘rotation is needed.

Let us begin by consideriné the units of length larger than the meter. .

We may write:

lm =1ln
&/__/. ldk]ﬂ’:lom a
1hm = 100 m = 10 dkm e '
- /
»wf : lkm = 1000 m = 100 dkm = 10hm /‘

. It is clear that the different numerical factors are obtained b‘ successive
. » multiplications with 10, that is \

[}

- . 10.
100

10 X1
10.X 10 X 1

1
*
il 1)
.
rd
.

1000 = 10,X 10 X 10 X 1 ,
Another way to write the first line of this would be S
10" = 10 X 1 f.\
[ - . /j
. ¢ 3/ B
./ 49 .
o ) - . .

e o

' ¢




where the first one tells how many factors of ten there are in the number.
We, read thﬁ " "Pen o the first power equals ten". The second line could
then be written: T

\ -

100 = lO2 =10 X 10 X 1

‘o .
where the number 2 tells how many facto;’e -0of ten there are in the number one
hundred. We read this statement one hundred equals ten to the second power
* equals ten times ten times one. Using the same method, we note then 1000 is
* <the product of three tens and could therefore be written lO3 (ten to the th}rd‘
power). . : @ Y.
A number such as 1, 2 or 3 which is written small and to the upper right
side Sf the number 10 is called an mnen of ten. We shall use any count-
ing number 1, 2, 3, 4, 5, ... as an exponent. The exponent of ten will count
. the number of times ten multiplies one. For example <.
; 10* = 10 X 10 X 10 X 10 X 1 : o
' lO5=lO><lO-XlOXlOXlOXl .
and so on. , Thus, lO15 will equal one multiplied by the product of fifteen
v } .
tens s ’ N
- Sometimes we shall use zero as an .exponent. Because of our definition .
of exponent, lOO equals one multiplied by ten zero times, that is, one multi-
plied By no tens, or one not multiplied by ten; consequently
10° = 1.7 , T
Let us see if we can 'find another meaning for the exponent of.ten. We
N have ) -
100 =1 . . , ’
. .. 10! = 10 * . ]
| : N . :'
° # 2 - el L % ’ ", ’
i 10™ = 100 g.;e s ' o ) .
S : T10%= 1,000 . y Sl
, h - . % ) e .
. 10 lO,OOOG - & . .o P
‘ * Se e B o N
i 10” = 100,000 . BN ., .
* and go on. Count the number of zeros on the right hand side of t (s$equa— ® '"5 : ;
tions and compare this number with the exponent. Can you nov;rexplain why . Z - f
. '41‘1015 is the number one followed by fifteen zeros? ° ’

‘We can find stilI another interpretationeof the exponent of ten. We can
now say

ERIC " | I
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200 =2 X 100 = 2 X10° .

s - -

.

T

B

3.57 X 10° = 3.57 X 1000 = 3,570.

"

This indicates that we can rewrite numbers in forms where the decimal point
" follows the first significant figure. Look at these expressions.
1 R A

24 768 = 2.4768 X'10

. 247.68 = 2.4768 X 10° =

2476.8 = 2.4768 >xlo3 .

. ' 24768, = 2.5768 X 10"

The deéimal point in the numbers of the right hand column follows the first
. significant figure. However, in the left hand column we noée that the '
decimal occupies a different positidén ih each number. In the first number
the decimal point is one place to the right, #n the second number it is two
places to the right and so on. Looking at the' left hand columr, do you see
that the exponent of ten counts thg number of places the d?cimal point'is to

¢

the right of the first significant figure?

For exemple, in the third eguation the factor lO3 means the decimal;'
point placeﬁent is three places t thé\?tght, that is the decimal poinf has
been displaced from after the digit "2" to after the digif "6". In the same
way, & factor lOo should mean that the decimal point is not displaced; there-

fore, we should have

-~

. - 2.4768 x 10° = 2.4768.

Does this agree with our previous statement that lO0

17

We éan use. this interpretation of the éxponent of ten for finding the
position of the decimal point in decimal form when the number %s expressed
in termms of a factor times some power of ten. We know that & number such a$
247 can be written 247., with & decimal point following the sewven. I;’Eact,
a decimal point‘may be considered as following every counting number. Thus,
the rulé for the placement of the decimal,point does apply to the multiplica-
tions .
1

247 X 107 = 2470 "

2

2h7 x 10 2k700,

/V;jJsing this notation, we may write

- i
.

-

ld
PR
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1

'L dkm = 20™m, 1w = 107w, 1 ¥m = 103,

to change length measures from one unit to another. For example, a length

2.4768 xn

2.4768(10° ) +2.4768 103
4768w, > .

+ ~

To summarize. The” number ten with the exponent n, where n —LO, 1, 2,
3 eee 5 1is written 107, 1t equals the number one followed by n zerog or, wha at
is the same, “the number one multiplied by the product of n tens. JIf a number
is multiplied by 10% ; the effect is the same as moving the _d_e;!imal point n
places to the right, all empty places(being filled by zeros.

»
ExerciSe 6 9 ) .

1. Writ\e these numbers in a form that does not contairi exponents:

(a) 63.475 x 102 (£) 3.008 X 10° ‘

® (b)) 2.3 x 10" - %g) "16.0 x 10° ..
(e) 0.0004 x 103 - - (n) 5.280 x 10" e *
(@) 10.562 x 10° (1) 10 x 10°

(e) 10° ‘ (3) 1x10%x 100 ‘

2. Write these numbers in'a form using exponents in such a way that the I
decimal point follows the first significent figure:

" (a) 6,400,000 (e) 3,000,000;000

(b) 6,475 (£) 256 ) ¢
(e) L.56 (g) 9,327.560
(d). 314,159 ' (h) 98.763

3. Which of the following are correct? ‘

. . - . . .

(a) b4 x 103 x 5 X 10° = 20 X 105 : ) ’ K
(b) 7 x 10" x 4 x 10° = 11 % 10° ' o %//
(¢) 2x10° x3x10% =6 x10 . ’

(@) 19 x 10° x 7 x 193 = 133 x 103
(e) 10° x 105 x 10° = 10”
(£) 10% x 105 x 10! = 107

(8) 3x10% x5x103 =1.5x10

(h) 1.2 X 10 X 1.2 X 10° = 1.4k x 10° -




. “,' — ‘ :
N (1) 10° x2 x 20° =exl Y
(3)- 11 X 10° X 2.56 = 2.816 X 10", )
“(x) 16ox25x1o=hx102 ‘
3
.(1)5x1ox2x1o=1o3 . <
L.  Fill in the blanks?
(a) 2.3456 km = om
- ‘v
() 2.k xm = m ,
(¢) 0.000064% m-= cm -
(a) 5.62 em = n '
' (e) §7.6 m = o
(£). 37.76 x 10° em = mn
(g) .057 x10°m = m )
(h) 3,762,508 m = _____ m
(1) %578 X 10° em = - L
(3) 4.67 % 106 m = cm X o
(x). 2.58 x 10° e = m -
(1) 0057 X 105 m = m )
2.8 Ng&ative Exponents. Scientific Notation / ) /)
‘What can we do with the units ‘smaller than a meter? We" have ’
. o / ‘ ’}.u\/.
O , lm=1mn
Yeoa . . . 1 - 1
. ldm=<=n
O\ 2 '
. 3 ¢ . - - ____ _
. 1 L 100 m= ) dm < .
S CERE L LI g
Here the different numerical factors are obtained by succeasive divisions by K
%10, or, vhat is the same, by auccesggve multiplications by -3 We may there-
fore write e
! 1 1 ) *
ldMi==-mlom===3m, lma=-<xmn .-
10t - 102 10°
. 1 2 3 » &
'be/cause 10” = 10, 10~ = 100 and 10~ = 1000. ‘ :




o These exemples suggest that

o to the left and multiplying by

|’

Again, these relationships may be used to cqnver,t,,Lglits into one another. For

example, )
37.8 m = 37.8(—1—l ) = 3.78 em
‘ 10
. . 37.8'mn = 37.8(—5 dan) = .378 am .
10 # ‘
' . 1

. 37.8 =m = 37.8( m) = .0378m ..

103
To obtain these results, we used the following:

- l » A ! .

37-8 X ——l' = 3-78 v P
10 "
37.8 x -1—2 = .378
10
37.8 x —% = .0378
10

multiplying by —l—l- or, what is the same, divid
10 ,

by lOl, is equivelent to a displacement of the decimal point one place to the

\

left. S{milarly; multiplying by -1—2 displéces the decimai point two places

10

v

10
point three places to the left.

3

or dividing by 103 displacges:sthe decinal

.

g
v

.

IS

. %
o~

"

7

.

' We have seen that:the decimal point is shifted either three places to
the right or three places to the left accordingly as 'we multiply ox divide by
103.‘ For example,

‘ -

< 3,287.6945 x 103 = 3,287,39&.5

.

- 3,287.6945 -+ 103 = 3.2876945 .

N

{
. It is useful to be able to write bqth of these equalities &s multiplications.

.3 "To do this, we agree that the exponent 3 means displacement bf the decimal

7 point to the right when multiplication is indicat Let us also agree, that
: if the displacement of the decimal point is’ to be to the left, we will express

P

% the exponent as -3 which is ‘read "negative three". Thus, N
o ‘ . 3,287.69h5 x 1073 #3.287695
' and - ‘ 123..6 %1073 = L1236 . .
., &nd ke x 1073 = .0k2 |

‘because the displacement of the decimal point to the left leaves an/éﬁpt& place

< which must be filled by & zero.

-~ ~—
N 4

46
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} " L] . ~
o _ Why can we make such an agreement? We can dg it because the symbol °
‘\‘ 10-3 did not have a meaning before and therefore we can make itmeananything we
" . ;
3 \
please. Q)f/éourse, once we make such an agreement, we must accept all its

~
S IS

. codnseaquences. For. example, we know that multiplying by —3- will also shift
. 10
the decimal point three places to the left; consequently, we must agree that ’
1]

1
1,000 ° ) .

; 1073 =—13—=
0

- >

Similerly,
+ '

. -1 _ 1 ,a2 . 1
07" =35 10 =750

and‘so on. L

f;et us summarize our agreement about the meaning of a negative exponent:
A number such as lO-n, wheren =1, 2, 3, ... , equals one divided by 10° or, '
one divided by the number which is one followed by n zeros. The result of
multiplying a number by 10" 1s to move the decimal point n places to the ) ~NT
left.

For example :

. ' . Tl e

-5 -
N 10 = —— T .
o> 100,000
237.k X 1077 = .00837h.

We may use the notation of negati;r‘e exponents to express divisions of a .
meter in terms of a meter. We see that
1dm = 1072 m, lem= 107 n

. 1m=10"m=102dmn =10" em

.
Y

and so on. The previous example, in which we changed 37.8 mm into other

unii:s, now can be written as follows:

37.8 m =-37.8 X 10°% cm = 3.78 em
= 37.8 X 107 am = 378 dm
= 37.8 X 1073 n = .0378 m .

N

Powers of ten may be used to write large or small mumbers in a simple feshion.

LY

For exemple, the speed of light, which is 186,000 mil\wer second, can be :

written as 1.86 x 10° miles per sgcond because i .
. , 186x105—186000.

.

This new notation also emphasizes that only “the- three digits 1.86 are
significant, that is, only these digits are the result of measuranent. In

L ¥
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- fact, more accurate measurenents of the speed of light show thaz the speed is
- approximately 186 32k miles per second .

A“numeral such as 1.86 X 'I.O5 in which the decimal point appears after

the, first non-zero digit is said to be written in scientific notation. The N

following are examples of numbers in scienéific notation:

- ‘ 3.65 x 10°
’ 5.28 X 103 .
1.6 x 1073 . - .
. h A
' The following are not in scientific notation: 36.5 X 10%, 0.528 X 10 ,
. ~ ¢
16 x 10 , . . t-
o~ -
Exercise 7 '

- . 1
Express in scientific no}ation. " Use & World Almenasc or similar reference book

¢ v
to get the appropriate numbers where they aref(\\needesi. . ®

The speed of light coz'reft to two significant digits. 3 s L.
The speed & light correct to five significant Zigures.

The number of Angstrom units in one @entimeter.

1
: 2
"3
L. The number of meters in one millimeter, a
5. The number of kl’lomet‘ers in one millimeter. ) ] \ -
\\ 6. The ennual budget o the United States. - ‘ .
' 7. The n,zeasure‘ of the area of t/he United States in square miles. ’
8. The measure of the area of your state in square miles. [
- 9. The ratio of the number in P*obJ.an 7 to the number in P*,gblen 8. . ’
v 'Carry out the 7mdicaued ca"cv.ji\at.ons gnd write the answer in scientific .. "
notation. f4 : )
10. (1.6 x 105) x (1.1 x 10%)4 , A
1 (16x10)x(i1x 1072 ‘ !
12 (16x103)x ><102) 3‘ . .
13, (16x103)><(11><1o‘2) ’ : roh
14. Use 'the facts that 36 in = 1 yd and 2.54 em = 1 in to express the measure-

- - v

e 'mentlcminya.rds":
\15\ If the speed of light is 1.86 X 105 miles fer second, change it to meters
per "second. Use 1 mile -’5280 X 12 in and 1 in %-2.5L am.

* 4 . . . <
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© 2.9 The Number Line

: Figure 6§ {llustrated graphically scme inequalities, and in Section 2.5
we considered what happens as *he successive inequalities narrcw dcwn the
range within which & numter 3 lies. We said thet e definite numter is defined
by such & prccess. . .

‘e This definite number can de ‘*epresen:ed Ty a point on the lines in A

*  Figure 6, not by & shaded area which has & length :c i3I, but ty a singl

point. In this way we Tuild up the idea of & line o2 numbers, cr '"""b ’
i
line, on which any nucter can Te represented Ty & pein:t. e
. This idea ¢f 2 numter .ine s closely releted ¢ the idee of lergih end
<0 length mess.re, sinee Bl =ne Crereticns wnlch we nave glreaiy zme:r in
reQmnecticn with lengtn, s.on as edditicon and comperiscn, ere,zstoned Ty simtler
° -
opereticns Wil nomrers n tne nuzter line. Y
‘/ S ~ .
1 I : -
T 1 L -

. . . :
“ &8 Tc constrict s nmter line, stert witn e line ang ...a;-f.. ocne point cn it
. with & zerc. Zey ¢P? tne counting numbers et equel spacings as 111U °ra§éd « .
¢ _an Tilure T Tne s’pac::“ tetWeen zerc srd tne is, ¢f coursé, _anit‘:(-ar'.', in .
"7 ®  other words, 1t cen e chesen es eny ccnvenlent _ength. N ' ) T
¢ 0 . ° e . > .

Tne point «on the nouber “ine which wes marked with & zero is’ celled the
origin and the pecint wnxch was marxed ‘-ri:r. one is ceXled the anit point. The

™ . . ‘~ 4 -
arbltrary spacing te<ween <ne Qrigi:‘. ené tne anit peint is the und disg

All of the numbers '-‘hi noede ngt ccunting nambens 8.sC heve points asmgz;eu

Py to them. For acample the vo‘nt ngxf way between the unit doint and the . )
. point sssigned ‘{; ce* °"g ‘s assigned the number 'l%» -
- : As we Dave seen :n',,Se/ctién ?.5, .the number line also conteins points .
« ¢ . ~
such that u..e §1eas.re cf tnei* i’stance “*’cm the origin cannot be written as
an exact deci:ne Thus, “%he nJ...ce* —5— O~3333 .» cannct be written‘as an
exadt dej:imal. It alsc 'napper;s that there are numbers which cén neither be ¢
' written as an exact decimel cr as a simple ®n .ec.,ion '-mose numerator end ae— n |

neminator are '::ot'n integers.

N -

or examn"n n {the *a gio o. .uhe circumference

F

. of a circle to its q.-ame‘er) 4 une numbe* '.rh‘cn multin-ieq ty itsel? -

producés 2) are numters sf this type. .nese numbe*s ere marked, apprpxima‘cely

&

in Figure 9. Pr . L A . .
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Figure 9. Number Line \
The number line has the following important properties: © . -

1. 'The number line m numbers: 1f a < t, then"the point representing

. a will be to the right of b. - o ]

2, Addition of numbers can be represented on the number line as an addi-
tion of lengths. It is left to you to see how this can be dode.

4 .
Summing this up, we can say that every positive number cen be repre-
sented Ey a point on the number line. Furthermore, the properties of the

number line are closely related to the properties of length-measare. .

Exercise 8

1. Draw your own number line to cover the first ten counting numbers.

Mark the following numbers on i¢ as accurately as you can:

: 2
.2-5—, 9.5, 8.6, l;:, 5.25, 6.375, L’ﬁ:‘

- 2. On another number line, making each unit JQ__cn ™ iength, mark the s
following numbers:
1 2 .
- ‘1,3, 1.26, 12, 1.3, 1%—1, 1.2.
Arrange these numbers in ascenqing ‘order of magni‘tude. -

Y

3. Illustrate 2 + 3 = 5 on a number line.

" 4. On the dumbers line mark the points representing the following numbers:
) 1335719871 13¢
. e’ 2?2’ 2r 2 2’ 2" .

5. (a) On the mmber line mark the points representing the following

numbers : o .
12 3L 5678 -
YLy e TR Y Ic >’ . :

* (b) Wnich of thesé rational numbers in Part.(a) caébe written as’

exact decimals? .
L 4 .
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6. 1If lt%is possible, express each of the following numbers as a simple

frac whose numerator and denominator are both integers.
¢ (a) .25 (7 .8333 ... ' ‘
S0 k.. 9 " (g TTT .. '
(e) = o () VA N : : ‘
: (a)-.125 . (£) .363636 ... .
) ¥Z (3) ushshs oo T g7

‘(Note: 1In parts (i) and (j) the 3 dots mean that the establ
pattern of digits is repeated indefinitely.)

7. Express each of the following as an exact decimal wherever Rossible.

(a) § ) (&) & - \
() 3 (£), 2
. (f) 595 () % ' —
’ 7 T 2
. @ 5 w2
210 S\inmary ' - o I‘.

An opportunity to gain a clearer understanding Pf the nature of
measurement and the role of units was given, ’ The experiment on the unmarked
stick gave a chance to take an arbitrary unit and divide it into equal smaller
units and perform measurements with it. In addition, the need for conversion
of u.nii:s could be recognized since _r;eighbors performing the same experiment

- were using., sticks of different lengﬁhs This parallels the Situation in the

" world Y ez.ze diffqrent nations use different standard f\ measurement.
. The 1 ngth measure of the metric system was developed and the conversion of
14
sta ard u.nits was examined: . . 7

. AY - . .
The problems of precision and error in measurement were made apparent.

Scieptific notatiox?wss introduced and its advantages in dealing with approx-

" " "{mafions-and significant figures were exploredv‘ : L ‘ ‘.
{ The number line wéL introduced with the arbitrary choice of unit length.
Then the correspondence of the pgints on the line and numbers was mdde. This
provides us with a pictorial model of our number system. o ’ -
N . . ¢
. » . ‘ * ¢
O " 51
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Chapter 3
- RELATIONS, FUNCTIONS AND GRAPHING

3.1 Introduction * ’

For several’ years now you have been learning more and more in school
“:] about the idea of number. In the work thap/?ollows we shall have much to

do with things -- objects that we can see, feel, hear, or, in general, ksow
about with our senses. People who spend their lives studyiné numbers End .
number-like concepts are called mathematicians. Mathematicians are curious
mostly about inventions of the mind. People whose life work deals with ex-
* plajining things'and events in nature are called scientists. Scientists are
curious about the world of the senses and how to make it understandable.
You might, think that ihe mathematician and the scientist are doing completely
" different things and that they would have nothing useful to séy to eaeh-other,
but that is not true. There is a wonderful and mvstg;ious connection between '
the thing world and the number world. We wish to explore this connection. '

Because we must make a connection in our thoughts between the thing
world and the number world, it is helpful to have an orderly wa& of describ-
ing how we can assign numﬁers to things. Also, we need to keep track of

what we have done. C

-

A little experiment will\sﬁbuyjhg~gg§d for being careful in our record-
keeping ahd will lead to a new idea that you wiil use again and again as long
as yoh study mathematics. You probably haze several books in your desk. TaRe 1
gome time out from your reading and get them out on top. Now, imagine’thaﬁ
you are going to write a letter to € cousin telling how many pages each book
has. Get ﬁﬁgiece of paper and put the 1nformation down as briefly as you can. )

-

Now let's'examine(the results. Did you really get the message across?
. .Maybe you put down someWhing like the following example: ‘

Example'A: 215 pages, 166 pages, 301 pages, and 277 pages.

¢ L If 8o, how is your cousin to kmow what books you have, or whifh book hag how

many pages? )
Is the following example better?

¢

ExampLe B: English, Spanish, mathematics, social studies, 215, .
. 166, 301, -2771.
4
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we agree that there is a bit more information here, byt what book gets
palrequ1th what number of pages? Does the English book have 215 pages, the
Spanish book, 166 pages, and so on? If that{s what we mean to say, what would
be a safe way of saying it? Perhaps you have foreseen these dangers and have

written carefully .

"The English bock has 215 pages,

. the Spanish book has 166 pages,
Example C:

- 14
the mathematics beok has 301 pages,and

the social studies book has 277 pages.”

In this case xQE§Bave done a fine Job and we could only suggest that to

save pencil lead you prune it down a tit without losing any important infqim-

ation, Somethin§ like this: 65171/914625;14/2/ ;Z / f;

Example D: N - / é; é>
e al e Ad | 90 | |
gowal gladlid|) 77 .

Do you agpee”that this little table contains everyihing we want to.say? At

first you may be tempted to say it does, but think for just a minute. Your
cousin may have been working in the.library counting books. In this case he
might think the table says that there were 215 English books in the library.
On the othef'hand he may have been helping the principal assign students to
classes. Now he might understand the table to say that 2]] students are en-
rolled in social studies.

A more careful Gay‘of displaying the table might be, like this:.

~ .
S »

&@M /&M 2/5-#4/%54
Example E: W W ’/ééw%

C\mathemalily fook.| 01 Aagle
20l T oot 77/%%"4

. I~
X 4
¥

Could wé take & pair of scissors and cut our table down the middle into

off

two pieces without at the same time destroying some information?

. ' - ' )

..
J‘n
=

.<

.

AN




e N R Y

What has gone wrong? Do you see that we can no longer tell for sure whith
number of pages is attached to which book? This kind of cutting apparently
doM serious Wamage to the information in the table. , )

Try slicing the table another way, this time along each horizontal line
insteasd of along the vertical line. We then have quite a clutter.

, Your cousin would complain Justly that you had become an even messier letter
writer ‘than usual if you mailed these slips of paper to him--but he could

-

P

o 55 {12 .
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have -no, serious doubt ebout which ‘ué‘ok haed how many pages. In other words,

.the information in the table has not been destroyed even though the paper on

which it has been written has been badly slashed‘.

Gluing the.strips together to form a long ribhon does not change the in-

formation at all, just the physical appearange. Notic
which we glue the st'rips does not change the information i
We can still learn from it, ‘ ( . . ’

for exampl€, that the Spanish book has 166 pages.

»

But 1if we should really go wild with the scissors- again and chop up the.

tape into bits along each vertical division;

.. - 7

3 N /
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. 3.2 Ordered Pairs .
Looking back at our various attempts to convey our message, we see that
examples C, E, G'and H have been successful, whereas examples A, B, D, F and 5
I have been failures. What brings success, and what leads to fallure9 Thé
examples C, E, G and H are similar because the idea of‘palrlng is strong in

@ch. The symbol ) ‘ ." 4 A
dpanch fook | /66 prges

,or something like it, iS the common theme. we will deal with such symbols | .

s0 often that a simpler way of writing them will be useful. We choose the

following way that is easy to typewrite and print:

(Spanish book, 166 pages)

We refer to this as an ordered pair and say the "Spanish book comma 166 pages™

or "Spanish book, 166 pages" when reading aloud to someone.

By an ordered pair we mean a set containing exactly two élemehts in which
one element is reeognized as the first. For example, in the ordered pair;
(Spanish book, 166 pages), Spanish book is thé First element, and 166 pages

_ is the second element. Since we read from left to right, piEkgﬁé out the '

N 4 ¥ ’ r

first element is easys . N v

It is easy to see that example G is nothing more than a set of ordered

pairs (or class of ordered pairs, or collection of ordered palrs, 1f you .

prefer)., The same is true for examples C, D, E and H, but egch example has
its own characteristics. IExample E is neat but C is wordy, D is incomplete,
G is méssy and H is a bit peculiar. However, they are all ways of writing

down the same set of ordered pairs.

The sgt of ordered pairs which we have been discussing here is merely an
o example. There are many other examples of sets of ordered eairs which could
A be giveén. 1In %act, whenever tnere is a nafural relation between two sets of
things (or numbers) there is a correepondiﬁé set of ordered pairs. For ex-

» ample, here,is a set of ordered pairs:
] p

¥ ) ‘J l { (Austin, Texas), (Annapolis, Maryland) .
(Sacramento, California), (Albany, New York),
(Tenver, Colorade), eer )
- ‘Can you see what the relation between the first and eecodﬁ elements of these

pairs is? Can you add more pairs to this set? What first element belongs

@

v
N . /] « L]

‘ Q - > . 57
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in-this set? What secondtelement —belongs with

B

L |
\\\L\Hée is another set of ordered pairs

- (Columbus, ;..)?
y

5

A

.. {{(Phoebus, Mars), (Titan, Saturn), ...}

Can you add more pairs tb this set? What pair in this set would have "Earth"

as its second element? ¢
-
3.3 Relations . S .
. B N

Why is a set of ordered pairs convenient? It is convenient Heea;t}se it

indicates an act of matching or relating. Our collection of ordered p

airs
relates 166 pages to Spanish book, 301 pages to mathematics book, 215 pfﬁ/’
to English book, and 277 pages to social studies book. If we wished 0, we
L
could reverse the order of our ordered pairs. But if we agre& to have tl’re R

and the number of

name of the book as the first element of ‘each ordered
pages as the second element, we avoid the conf

‘ saying it one way and others another way.
< 1 ‘\ ’
$ Y

-*}‘* A set of ordered pairs will be called ,a rela‘t The‘*rela'ibion that we

.{ﬁa%{e found between pages and books is displayed in the fol ng set of ordered .
pairs: - . ot AN

- o Terad o
s .

) . ¢ (English boak, 215 péges)
e "(Spanish’ Yook, 166 pages)

B (mathag\atics book, ?391 pages)
) @u (social ‘studies )dook,, 277 pages)
S *
v3e Notice that ’%pis set 1s the o‘i‘ie which appeared in Example E. When we
. ‘i;r:*,. manufactured F by chopping E dgim the middle, we destroyed & relation but were "
o ¥,

ERI!
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left with two sets which it.)is extremely useful to give special nemes . ‘The set

- on the left, which we rewrﬁte Jiere horizontally,” as, follows: .- -

{Ehglish book, Spanish book s ‘mathematics book, social studies book}

is the set of first elements of the or?i,ered pa;Lrs in the relation.

It is

_called the domain of the relation.
to ;i‘st the elements of a set.

Noté\‘that mathema‘ticians use braces, ( }, .

-




— . The other set ‘ ' v
(215 pages, 166 pages, 301 pages, 277 pages},

. the set of second elagents, is called the range of the relation. Notice that
the order of listing the elements between the braces doesn't matter. Wees
could just as well have said that the range was the set -

» N

A

L. ‘ e
- (301 pages, 166 pages, 277 pages, 215 pages).

We caﬁ now say that a relatio/; matches each element of its domaian to one
or more el‘em'ents of its range. Of course, we canlft say precisely how thJ':s is
done without looking at its ordered pairs. The r ation we have been dlscuss-~,
ing has its domain filled with things and. its range with numbers, but it Is "%‘
posaible to have relations that relate things to numbers, or things to things,
*  or numbers to numbers. As you might expect, mathematicians are especially
i;xterested in the last kind. s <

Exercise 1 -
[ - Id
’

1. Make a set of ordered pairs by assigning to each month of a leap year

>

—

the nmnb_er of days it contains.

(a) How manir ordered paiTs are in the set? .
(b) How many elements are in the domain of the relation? ~V_
- (c) w¥ite the set of elements in the range of the relation.
‘ {(Hint: In a set, an element is listed only once. )
N (é) How many elements are in“ﬁ; range o'f the relation?
2. Suppose we had used t'he year following a leap yeaf in Prqblem 1. Would
we have answered Problems 1(a - d) any differently? Why?
_~3. “The domain of a‘cert_:ain relation is the set {7, 10, 22,”1}; thy/range is
_the set {8, C, A,‘ D}. TFrom this information form one relation pa’vihg
five ordered pairs and one relation having seven ordered pairs.
L \Use the index in the back of one of your texts to obtain ordered pairs.
(a) List four ordered pairs where different elements ‘of the domain
4 + share the same element of the range.
() " List four ordered pairs where diffefen§ elements of the range are T -
. ‘ assigned to the same element of the domain.
5. / Given the following sets of ordered pairs:
(a) (1, 2], (4, 23, (5, 2}, (6, 3}, (7, 3
(v) (o, 03, (2, 0}, {2, 0}, (3, 0}
Determine the domedn \and range. .

.. L -
‘ . "~

<
[
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‘possible overhang from this number of books?"

3.8 An &perimen ) .

~ You have probably heard it said that "a picture is worth a thousand
words «* We know that ir.elation is a set of ordered pairs. Some relations,
for exemple, may contain such a large number of ordered pairs that it would
be physically impossible to list every ordered pair in the set. It might,\(
then, be a good idea to look around for other methods of displaylng these

ordered pairs.
i

Suppbse we consider an interesting experiment. Our problem ik.this: .
LY
"If a stack of identical books is placed at the edge of a table, what is the

laréest amount of overhang we can get from them before the books topple?"

| BOOK | -

: l_ largest | ° )
g cterhiang :

- ) o

Figure 1 /

Let us supposé thqe length of each book is 24 em . If we have only one
book in our stack, it is easy to answer the quégtion. A little experimenta-
tion will soon show us that we can move the book lengthwise beyond the tablels
edge until we have.s largest overhang of 12 cm measured to the nearest centi-

meter. s

€

This problem of balancing a stack of identical books and determining tHe

o

largest amount of overhang -suggests a question:
.
"‘What is the relation between the number of books in a stack and -the largest

<

The first ordered pair in this particular relation then will be (2 book,
12 em). 'Ifhis notation promises to be a little more bulky than we might like

‘to have it. We have already seen that the elements of domain are books and

lthe elements of the range are centimeters. We “could strip these elements of

O
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their labels and write the first ordered pair as (1,12). Remember, however,
i¥ we do not label each individual element of the domain end range, we must :
state definitely from which set ‘these elements are drawn.’

* &

How do we find the maximum overhang for the top book if there are two

books in the stack? Remember that the books are the same size. ,If the second

book is placed directly on t'op of the first book, the books are balanced. If
we extend the top book out beyond the first book, wé would find that the sti}ls

- N o 3
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of two books would topple off the tablek Frdm this it might appear that 12 cm
is the maximum overhang that we can get, no matter how many books we have in

the stack. p | <
-

! ~

Let us pause a moment and see if we can’t be a little more clever.
Suppose‘wg were to hold the first book firmly in the balanced position. Now
balance the secorid book Sn the first book in\ the same way you balanceg the.
sy first book on the table. But of course this isn't fair, since the'stacl_< would *
again topple if you were to remove your hand fyom the first book. But what
would happen‘ if we were now to slide the two bodks together back on the tab].g’
until this stack of ,two books balanced? Would we have to push them so far
that the bottom book would rest entirely on the table? If you have tried this,
yeu know that the answer is, no. You should find, that a stack of two books™
will balance something like this.

e

o . . | BOOK 2 - ] g -
T L [ sook t - | . .
C ;! largest N\ ¢

' overhang -t ) )\ C st v

. Figure 2

~

. might find that the distance is 18 com to the nearest centimeter. We would '
then indicate this second ac? of balancing by the ordered pair, @}18).

When we balance the books this way and measure the largest overhang,. we

ANow thixigs are getting a bit .more interesting. What happens when we add
a third boof: to the stack and what must we do to,ensure maximum overhang in )
thik case? Let us use the same method that already worked s’o well for us.
Hold these two books firmly in position and balance the third book on toep of
the second book in the same way you balanced the first book on the e_dge of
’ the table. Does this give you a largest overhang for the Phird book? Does -
it give you a largest overha’ng for the two top books? Taking these two books
as a unit, we nbﬂte‘rthat the overhang is too great to give us*aP=iance. Move
this unit of tw& books back on the bottom bodk until they just balance on the
bottom book. You should, recognize thqt we have actually balanced these two
books on the bottom book in the same way we ba&ced two bopks on the edge
of the table., °* , v

?'All thrgq books—-ape now balanced as a unit. Qur probleq now is to bal-
ance tﬁis unit on the edge of the table in such a way that they will give us

a greatest overhang. The same procedure we have already used should also

T Q | . & ‘~‘ 61 ',;" : . .'A o
e | ~ €8 o
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werk in this case. Move this unit back ontd thé§§§yle ﬁntil it Just balan%es.
. ) T ¢ .
] Now we gét a balanced stack of three books. -

L ) You ;ight'doubt'that this method is the one which gives a greatest over-

hang. If you.do doubt ‘i%t, try-other.ways you might think of and see, if you

can get a greatev overhang. We haven't tried tc explain why this act of bal-
- N anEan works the why it does. This, of course, suggests that flnalng a way |
_o% solving a prollem\is not enough in science and mathanaiics. We'must‘also' %

be able to explain why this method woxks. At this point, however, we are not

w

regdy to explain why this particular approéch works. Let us just say that it .

L]
does work. - ¢
< NS . . g
- .
With the three tooks balanced, we might find that the meesure [of the

overhang) to the nearest cm is 22 em. The result of tais balancing could
then be recorded as an ordered pair, (3,22). b
We won't go into a detajled description of how to balance four books or ‘
- T five bocks 1n oprder to get a largest overhang (Figure 3). If you think care-
fully, you can probably find a Qay to @o.this. One thing which might make !
- this an interestiné experiment to perform is that very scon you can get a \
stack of books telanced in such & way that the toD book is not over the table
at all. .

e

- Figure 3 .

» ~ “ .),
. L4
3.5 Grephing of Ordered Pairs -

Suppose that the set of ordered pairg we collected in this experiment

was ] . N

. . ((1,12), (2,18), (3,22), (%,25), (5,27)}.

N (
The flrst element of each ordered pair tells us how many books there were in

5 the stack, and the second element refers to the cenﬁfheter megsure of the -

max imum overhang from-the edge of the table.

Aruitoxt provided by Eic: [] . .
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The set notation, { }, has given us a handy method for listing the or-
/eered peirs of a relation., However, sometimes a simple listing of these
ordered pairs does not Bive us the best idea about all features of a rela-

~ * tion. ’ ¢

Let us then consider othez: methods of shoiing the ordered pairs of a
relation. We have already had experience with the numbe‘zr line where every
point has a definite real number as its coordinate and each real number is a
coordinate of a single point. We shall relate the coordinates ©f a number
line to the-mggnitude of various physical measures. We have an example of / d
this in Section 2.1 where we related the coordinates on a réler to length.

We could also have a number line for area, volume, mass, time or other

physical guantities. . N

Reiations in which the ordered pairs are pairs of numbers may be dis-
f"\‘played on two number lines. For cofivenience, let us ¢hoose two lines which L
. are ﬁarallel. These lines g‘an be horizontal or vertical-or even diagonal; it
does not matter. It is important to know which line we let represent the
* domain and vhg.ch line represents the range. We cean take care of this eas.ily
’oy giving each line an gppropriate label. We should also indicate the ‘coor-

’

dinates of scme of the points on each of these lines. Our coordinate lines

might look like this, . ¢ )
! ‘ L4
L N
‘ max. overhang (cm) E 20
FORAA AR pemm ances. st o,
. 10 .15 20 25 30 . 1t 25 .
e A
T2 & b5 st E2 T
. number of books L L 15
" N 1n stack 2 "t
', l 4+ .4 lo
. numoer mgx.
‘ of overnang
: books cm

Figure b

In this exemple, let us choose a pai_r ‘of vertical number lines. ¥FoT con-
venience, let us put the elements in the dcmain on the :line to}he left and

.
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the elements in the range on the line to' the right. ,

As we have already stated, we are interested in displaying the set o-f ordereéi
pairs in the relation.
the, domain to, the corresponding element in the range. Remember, the labels on
the mumber J:ineé only éive us an idea of the kind of things in the dcmain and

h 4

-

&«

N

=2
|
I

Numoer
of
Books

We do

» . i

N

.

\ v

-

Largest
‘Overhang
(em)

Figure 5

this by drawing an arrow from each element in -

the fanée.. Now the arrows indicate which pairs are in the relation. The arrow-
heads indicate which set i's the fange, and the tails indicate which set is the

dcmeain.

N

.
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This diagram then is a graph of ‘the-ordered pai;'s in our relation.

.

’ . Exercise 2

Graph (by drawing arrows from one number line to another) each of thé follow-
’ ing sets of ordered pairs.

1.

”
i
.

O

RIC
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{(1,1), (2,3), (3,6), (4,10), *(5,15)}

(a

)

(b)

(c

(1,

)

‘ range if the same pattern were repeated?

What are the elements of the domain? | .

What are £he elements of the range?

If a relation coentained the above ordered pairs and if the
number 6 were also an element in the demain of this zlelati'can,

3

what would you gués for the corresponding element in the

1), (2,2), (3,3), (,4), (5,5)] - S

(a) What are the elements of the dcomain?
(v) “What are the elements of the range?
(c) Is the ordered peir (6,6) also an element in the set defined

{(1

a

(a)
(v)~

(c)

(e

{(
(a
(v
(e

P

)

(3,
)

~

)

by this relation? ‘Why? N
,3), (2,2), (3,3}, (4,2), (5,3), (6,2))
What e the elements of the domein? v ‘
What are the e]:enents of the range?
If a relation contained the ebove ordered peirs and if the
number 15 were also en .element in the dcmain of this relation,
“what would you g;.l%s for the corresponding element in the -
range if the same pattern were continued? ' ’
If ‘the wmber 8 were an element in the domain of, & relation
similar to that described in part (c), what would youmfess .
for the corresponding elenent in the raf:ge if the same pattern
were continued? ) A - ';
State a rule for writing ordered pairs belonging to & relation
similar ‘to perts (c) end (d) if the domain were the counting
numbers 1 through 100. * ) . .
1), (2,2), (1,3), (1,%), (2,5), (3,6)}
Mnat- are the elements of the domain? /
What are the elements of the range‘? € C
If a relation contained theg aboye ordered pairs and if ‘the

mmber 4 were also in the domein of thig relation, what

,vould you guess for the corresponding Ielenen,t in the range -

if the seme pattern were continued? ’ /.
AR '




Each of the following graphs, (5 10), defines a relati\on. List a set of
ordered pairs which defines the/same relation. List the demain and the range
~ Tor each relation.
. ~-

5. , 6. 7
. T 2
o /7 B
. 140 T
3
2
120
5
Y
- 105
1 .
g0 3
- 85 T
) 9.
. T -2
| /“ 1962
,.504‘ 1960

3.6 Functions -

“
In the preceding section we had some experience with graphing relations,
on parallel umber lines. We took careful note of which number line displayed v
the graph of the elements of the domain of the relation and which displayed
the graph of the range of the relation. Let us look at thege relations for a
mom;ent' and see if there appeaz:s to be other properties that we can ‘see in
them. Consider for a mcment the graphs in the preceding Bet of exercises.




. -

Hﬁ#xﬂight we classify the graphslin Problems 5 - 10?7 One thing we could do
would be to look for patterns established by\the arrows, or we might compare

. the’number of arrows disélayed by eny relation te® the number of elements in ~

the domain and range of the relation.

4 ~
.

:‘ In P;oblem 5, we could note that t{rere are 5 arrows. This says that ) -
the relatipn contains 5 ordered pairs. There are also 5 elements in both
the doriain end the range of this relation. Careful thought will tell us that
this ecan worﬁronly if each element in the domain is used just once and each .
. elementain the range :s dsed Just once. Jo any of the other relations have

*this same property of using each element in the domain just once and each

element in the range Jjust once in *o*mlng ordered pairs? Problems 728, 9 -

( and 10 cer<ainly do not. '

: . oa 3 Aod . .
| We_can use this same spproach now to see if there are differences in V!

these last four grapns. Looking at Problem 7, we that there are 8

elements in the dgmein, 6 elements ih the range and 8 Ordered pairs®
3 J N &

only way we cculd get 8 ordered pairs would be if each elememt— The &omain
s - . U

were used just once, but some element (or elements) in the range were ed

more than once N In this case, 2 elements were used twice, namely, (1, 2.2),

(1.1, 2.2 and (1 3,.2 3), (1. f, 2.3).

- Would it be possible to have a relation wwth 8 elements in the domain, v
) 8 elements in the range and £ ordered pairs? Wny not? If you recall our
definition of 2 relation, you will remember that we said the domein is the *
set of first elementg n the_ rdered pgirs. This tells us-tha% we must ﬁavel
at least as many ordered pairs 1in the relation as there are elements in the e
set.we call the domain. The same line of reasoning would tell us that we
must also have at least sas many ordered pairs in the relgﬁlon as theré are

"

elements in the set we call the range.

Now éompare the graph in Problem 8 to that in Problan‘ﬂ&;ngg they

appear to have the property og dsing each element of the domain just once?

We note that there are 5 elements in the domain,‘6 elements in the range

aﬁé 6 ordered pairs in the relation. This means that one element of the
domain had to bte used more than once in }orming ordered pairs. Problem §
follows this 2®éral pattern (2 elements in the domain, 4 elements in the |
range and 4 ordered palrs) with both elements in the doﬁain being used twice.
:P*oblen 10 Seems %o Lo%}ow a pattern similar to Prloblem 7 where each element
in the domein }s used just once in forming the ordered pairs of the relation

«
' while some elements of the range are used more than once. In a way,

67 .
o : g
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' this last distinction is similar to that mede in Problems 5 and 6 because
'l
in these problems we also noticed that each element of the domain was used
; Just once. '

Let us now define a special kind of relation. We shall call this speéial 8
type of relation e function. A function is a set of ordered pairs such that

each element of the domain appears in one and only ¢ne ordered pair. This
{ allows more than one element in the domain to correspbnd to a particular
. element in the range (see Problem 10). It is important to realize thet this_
definition does not allow any singfe element in the domain to correspond to

R two or more elements in the range.

The set of all first elements of the ordered peirs is called the domain
of the function, and the set of all second elements is called the range of
¢ the function. ‘

|
According to our definition of a fﬁnction, we note that the graphs in ,
Problems 3, 6, 7 and-10 are the graphs-of functions. Problem 8 is not 4 -
function because here the element .50 in the domein of the relation appears
in, two of the ordered pairs, (.50, 1960), (.50, 1961). Problem 9 presents
‘us with a similar situation where both elements in the domain of the rela-
tion ére each used in two ozdered pairs and hence, this relation is Bt o
func;ion either. .
“
Exercise 3 . -
. - = 4 -
Define a ion‘;hich is suggested by the'phrases in éroblems'l - 7. "Be
sure to sped¥ty.the domain and £he range of each function. .
Lo ((1,2), (33), (3,4), (4,5), (5,6), ...}
{Hint: The'symbol, ..., used in this manner, means that the ordered ‘ i
* peirs continue indefinitely according to the pattern suggested. )
2. ((1,1), (2,8), (3,9), (4,16), (5,25), ...) ’
3. ection returns ,
L, ea of triangles . ¢
5. People's first names “ !
! 6. With each positive integer associate its remainder after division by 5;
‘ {Example: 1 + 5 = 0 + remeinder 1, hence, (1,1)}
7. Associatg with each length of the diameter of a circle the length of the
* circumference of the corresponding circle. v .
8. The, cost of mailing e letter is detemmined from the weight of the letter -
. -

as follows: 1t is 5£ per ounce plug 5£ for an§ fraction of an ounce.

- a
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Does this desceribe a function? Why?

What is the domain?

{Note that the Post Office will not accept a first elass mailing which
weighs more than 20 pounds.)

What is the range?

Complete the following ordered pairs in this relation: (domain is given

in ounces)

.(3-7)' )) [~4 (5) )} (19'2}____)

<

3.7 More Graphing

!

Let us do Enother experiment which will give us an opportunity to de-
« velop graphing further. v

In this experiment we will use an irregular, clear glass container, such
as one which contained salad dressing, vegetable oil, or syrup. Place a strip
of "magic mending" tape (this is the clear type on which you can write) along
the length of the bottle Ofrcnatto;) to bottom and write "bottom” on the end of
the tape at the bottom of the bottle. Place a small but visible mark along
_the edge of the tape at the po:Lnt vhere the tape is l:Lned up with the inside

o level of the bottom of the empty cd&:ainer Later, when you remove the tape
. from th b@ttle, we will assign the number zero (0) to this point. ‘.

~

more pieces of equipment ai-e necessary for this experiment. W;e need
f a unit of volume. A 22 o::m3 plastic pild bottle works)very well for this pur-
pose and thege are eésily vailable in most drug stores. For lack of a better
{ neme .for the unit of vol@me let us call 1t the "glug"g Secondly, we need a
o

A

"contai.ner of water whbse volume is greater than that the irregularly shaped
r - 0
container. It would probably also be a good idea to have some_paper towels
handy to lay orf the table under the various containers being used in the ex-

periment. .
v Submerge the pill bottle in the con%ainer of water so that when the pill

bottle is renoved from this container it is completely full of water. Care-
fully transfer this glug of water to the irregular bottle. Care should be 3;2

" taken to avoid spilg.ing's:tnce we want to podr the same volume of water into
the bottle each time. On Bxe other hand, ¥ou should be cautioned to mgve
right along. Have you ever obsgrved how a waitress in & restaurant.c/arries a.

- cup of coffee without spilling it? She certainly doesn’t waste time belng too
concerned about spilling, but at the seme time she_is reasonably careful not
) to spill. X . C - *
69
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As soon as jbu have poured the glug of water -into the bottle, make an-
other small mark on the tape at the level of the liquid in the bottle. When
you sight along the level of the liquid, you may have some doubt about Just
vhere the liquid level is. You should be careful that your eye is sightiﬁg
at the lighid level (Fggure 7). If you sight down on the surface of ‘the
liquid or up fram some point below, this surface, you will notice that there
is even more uncertainty as to where the mark on the tape should be made.
When your line of sight is levei with the surface of the liquid, you will
probably notice three lines, any one of which could be identified as the

)
surface level. The more distinect of these three lines will be th middle

line, and let us agree to use this as the reference poigt for marking the
3 .

tape. & "

Figure 7 "
As soon as you have made this mark on the tape, make a mental note that

the mark is related, in some way, to one glug of water.

Now repeat the process of filling the pill bottle with water and pouring
this water into the bottle. Again meéKe, a small mark at the po?ptfnn~the tape .

. which the surface of the llquid has now reached. o

Carry on this procedure until you reach the point where it locks as though -

the addition of one more glug of -water will result in overflow.

Now, take a clean sheet of notebook paper. On the paﬁer draw a straight

" line with a ruler. Remove the tape*from th“;g!‘zottle and place it on the };aper

in such a way that the edge of the tape on which the marks were made is liﬁed
up with the line which you dggw on the;paper.(Figure 8):

- ? o

'S
- X IR :
5. ,
b *
s Figure 8 .
- - * . .
“~.l * '70717 R . ) . -
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Write the number zero opposite the very first mark you made on the tape.
Draw & second line on the paper to the left of the first line, parallel to <
the first line. Connect these two lines with a line segment which has the
zero mark on the first line you drew as an end poing and its other end point
on thre other line. Put an a;rgﬁpead on this line segment at the end that is
labeled zero. As shown in Figure 9,'?ssign the coordinate zero to the other

>

end point of the arrow. . T
Y

We now have two "parallel" number lines and the graph of one ordered
pair of a relation.
with our discussion.

Let us pause and raise a few questions before we go on
What is this orde;ed pair? What does this ordered pair
tell us about the experiment? On which of these number lines should we graph
the elements of the domein and on which should we éraph the elements d¢f the
range? §hould these number lines have identifying labels and if so, what
should they be? This last question necessarily raises the question of what
coordinates ghould ,be assigned to the points.graphed on these number lines.
We should also stop to consider whether or not this particular relation is a

function. What is the domain and what is the range of this reldtion? .

-

The ordered pair already graphed is (b O). The first element of this
+ ordered pair tells us that the number of glugs of water that are in the bottle~
and the second element is related to the depth of the water in the bottle.
. The arrow drawn on the graph identifies the line to the left as ¢he one’ on
which we will graph the dﬁmain, while the line to the right is the one on
which we'will graph the range.

"uh . deg

. On the line to the left lay‘off a unlform stale. Points on _this line

1l cm apart give an approprlate scale for this experiment. Assign the coordin-
« >

ate of each of fthese poiﬁ%§ on this line and label the line "number of glugs"

‘, 14 -
12 - i
. N Vd

0], : -

8 : - y

F
‘ 2 6 ‘ -
Yy , -~
B ' number = N - '6 ~graduation- C s
of glugs O s distance
e T Figure 9 (mm)
4 .

' 'Let, us label the other line "graduation distance". In assigning numbers

[E

to the points which we marked-as

. -

O
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we performed the act of filling the bottle,

71

/

°

By |
NEO o)

Il




R L D © 3

s
- o -

le% us ag;ee tolééasure this distance accurate to the nearest millimeter. So
. directly below the label, "graduation d}stance", write in parentheses {mm).
With the aid of a ruler graduated in millimeters, assign the appropriate coor-
dinates to each mark you made on the tape. Be sure that each coordlnate is

: the distance in millimeters of that particular mark from the zero p01nt.

Now we are regdy to draw the arrows that indicate the graph of the or-
dered pairs which were determined by the experiment.; Aftér we have done this,
we should stop to consider whether this relation is a function. It appears
that the domain of the relation is the set of all volumes of water which can
be placed in the bottle and the range is the dlstance, measured on the side
of the bottle, that the water level is from the bottom of the bottle. To
each volume of water there is only one depth and therefore only oﬁe ordered

’ pair. This relation is indeed a function. »

How meny ordered pairs did you display in Your graph which you made for
this experiment? At this pdipt it might be wise to list all of these ordered
pairs. As soon as you have done this, look them over caréfully. Does your

~

. list look something like this .
(0,0}, (1,18), (2,25), (3,28), (4,32), (5,40))2

Surer ;hfs is the listing of a set of ordered pairs. But is it thé set og
ordered pairs which defines the ﬁnction we are referring to? You will re-
call that the function was defined as, a set of ordered pairs. Our only

problem, then, is to decide whether this is the set or only part of the set.
Closer examination should assure us that tiréere do exist ordered pairs which

“we did nof‘éraph For example, we could ﬂng found & volum€ which was hglf .-
|
|

- a glug and filled the bottle in half glug volumes rather than glugs. This
would have given us more ordered pairs, but the relation would still be the
seme relation. We are still referring to the volume of water placed in the
bottle and the mark made on the tape. We could carry this even fargﬁer and
determine just how many medicine droppers of water it will take to just fill

the pill bottle. From this you could proceed to. fill the bottle by adding

water, a medicine dropper full at a time. .- R o

Since we now agree that the set of ordered pairs we have collected is
not the complete set, then we must agree that the graph we havg drawn is not
the graph of this particular function. As the size of the glug becomes |
smaller, more glugs are needed to fill the bottle. Figure 1l0a is a graph of

ordered pairs when 40 glugs are needed to fill the bottle.

. ' 4
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9 Figure 101 - Figure 10b

If a still smaller glug is used, such as a medicine dropper, the graph would

' lock somfthlng <like Figure 100. ' 4

»

What informatiopn can you reRud from such a graph? We could probably all
.Our
method of graphing ! worked very well as long as we had relatively few ordered

agree that there is very 1ittlé that we could conclude from this graph.

pairs to graph, but as soon as we extended the number of ordered pajirs we

wished to graph, this method became cumbersome and the individual ordé'ed

e

In the next section, we will develop ’énoth'er method of graphing functions
. . 5

pairs had a tendency to lose their identity.
~

which is more generally useful.

3.8 A Coordinate System in a Plane ’ .

-~ In the last section we talked ahout the idea of -a ccordinate sys‘tem

on a line. and review for a moment what we mean by-a coordinate

Let us 2use
. system on a line. coordinate system on a line is determined by any pair of

points on it. One point of this pair determines the origin and the other de-

termines the unlt point. The numbe‘ zero ig designated as the coordin/aty’

the origin and the ndhiber one is de51gnat°d as the coordinate of theunit-
point. '

Ps

When we have indicated the coordinates of the origin and the unit-point
you will recall that evef;,r positive number is associated with a pqi’nt of the
line which is on the s‘ame"s‘ide of the origin as the unit-point. Every nei:;j
tive number corresponds tc a point on the opposite half of the line. In (s

~
’

o ' .80 - T
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way the coordinate we have assigned to a point tells us two thipgs. It te%s
us the distance from the origin to the point, and it also tells us the direc-
tion from the'origin to tixgpoint. ’

» ! ¢
We have already said that number lines can be drawvn in different direc- \
tions. This time let us draw one of.the number lines so that it is perpendic-
ular to the other number line.

rectangular coordinate system.

We will call this pair of number lines s

It is not necessary that the two number lines

" be perpendicular to each other, but this is the type of coordinate System in’ )
a plane which we are most likely to see and use.

We will ta.ke “the intersection of these two lines as the origin of the
doordinate systems of both lines. Each number line is called/an axis. Often
the axis which extends across.the paper is called the horizontal axis and the
'other axis is called the Yertical: axis.
the . "x-axis"

Usually the horizontal axis is named ’

and the vertical-axis is named the "y-axis". The plane deter- ‘

mined by these two a.xes is called the coordinate plane.

Let us agree go
place the unit- point on the horizontal axis to the right of the origin and
the unit-point on the vertical axis above the origin.
assigned to all po'irit*s*on\easl;a.xis (Figure 11).

Y“ !
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Coordinates may now bg

™
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Figure 11 <

3

4

~

Because of the way these axes are usually shown in pictures on a chalk-
board, it is customery to call lines parallel to the hqrizontal axis horizontal
lines, and lines parallel to’ the vertical axis vertical lines.

We are now ready to define a coordinate system in the coordinate plane.

-
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Consider a particular point first, such as Q in Figure 12, and supp05e ‘that

%
the Yertical line through Q cuts the hor:.zontal axis. in t‘ne boint whose coor-
> .dinate is 3. _ - . : s . .
. " .
' B } ' ¢ ?% o
" : . ¢ ’ »
[N ?
Q
-° 4+ 2 *
. 3 o
| ¢ \
- 4 . |
1 I, J
1
° J
v -t L= } Q —t } —>
L1 0 1 2 :3 Y 5.
I
4+ -1 |
. B Y v .
Figure 12 ? . .
Let us also suppose that the hof zontal line through Q cuts the vertical axis
in the point whose vertical coordinate is 2 (ngrlg 13). _
L b e a
:’% T Ay ’ '["" ’)
$ 2 Q. S !
< -==- i St - — - >
-».1
< 3 e 1 1 I 1 - x
R -1 o 1 2 3 4. 5 ‘
»
b 11 .
: \ :
*
. Figure 13
We say, in this case, that the horizontal coordinate’of Q is 3,-that the
vertical coordinate of Q is 2, and that the coordinates.'of Q are the ordered .
//" pair' (3 2). The point (3,2) is shown in Figure 1h. - ®
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- -, We are now nearly ready for the genersgl case., Let P bk éhy point in the
coordinate plane. By fhe method we just discussed, the point P has a hori-- = .
zontal coordinate and a vertical coordinate, which we refer to as the coor-
dinates of P The coordinates of P_are econsidered to be an ordered pair of -

real numbers in which the horizontal coordinate is the first number of the

peir and the vertical coordinate s the second.

If we consider the vertical.line which we draw through the point Q, we

. note that the horizontal coordinate of every point on this line is 6 In
fact, we might refer to this line as a set of ordered pﬁirs whose first
elemept is 3 and whose second element is a coordinate number. Sometimes we
see this last sentence‘written in symbols as follows: ({x,y): x = 3 and y is
any coor&inate number}. In this notation the colon, ":", is ‘read "such that"
and the sentence is read, "The set of drdered pairs X, ¥ such that x is 3 and J
. Y is any coordinate number."

. Similarly, the set of ordered pairs whose first element is any coordinate
number and whose second element is the number 2 would be the horizgntal line
which we drew through the point Q.

’

Suppose w -now wisli to graph the ordered pair of mumbers (5,1) as gl
Ordinate plane. We would first consider the set of ordered

point on the c .
,‘/) pairs whose fi ;t element is 5. This would be a vertical line which cuts e

- ) . N v - v !
f e . - -
s ) ;- . .
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Then we would consider the set of ordered pairs of numbers whose seecend element

is 1. Tnis would be the horizontal line which cuts the vertical axig at the
point whose coordinate is 1 (Figure 16).

. - |
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Figure 16 ! : ‘
~ .o . Y e |

. o . |

The intersection of the horizontal Iine and the vertical line is the point

whose coordinates ,‘are the ordered r (5,1), as shown in Figure 17.
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° ‘ Te hori zon‘cal° line and the vertic¢el.line are rerely drawn on the graph.
) Usua\.ly the person grap‘ning the point visuelizes these Iines in his mind and
Lo places a dot on u.he coom*neue plane ag the point where tne two lines inter-
sect. In order to be cTear, the grepn should te labeled with the drdered peir
. ~ 7 which irdicates tde coordinetes of the point. 3 .
Plot ox@a coordinate plane the J.o_lowing set of roints: ”
Example: .
((2,1), , (- 5 0), (-4,3)}.° » : . )
o ! I
?
. . A -
L 58] 3 ,
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“o (@1 .
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Exercise b

'l. On squared graph paper draw a pair of axes and label them. Indicaste !
the coordinate system on each axis. !
(a) Sketgh (with a straight edge) a line Which represents the set '
of points whose horizontal coordinafe is 5
7 (b) On the same coordinate plane sketch a line which repres{ants the
set of points who'se vertical coordinate is 5. ' ' & .
. (c) How many points do these two sets have in common? ‘ T
(d) Write as en ordered pair the coordinates of every poingedf inter- s

, - section of the sets graphed in (a) and (b).
. Repeat Problem 1 for the set of points whose horizontal coordinate

is 3 and the set of points whose vertic;al coordinate is 8., T
3. Repeat Problem 1 for the set of points whose h'orizo“tal coordinate’

“ is 8 and whose vertical coordinate is 3. . .
L. Is the point of intersection of the two s!‘:s in Problem 2 the seame
= point as the point of intersection of the two sets in Problem 3? , -
Why? ‘
5. (a) Plot on e coordinate I;l;z{e the following set of points:
‘ £0,0),.(-2,0), (1,0), (-2,0), (2,0), (-3,0), (3,0)) _
(v)- Bo el1 thg, points in this set seem to lie on the seme line? i
(¢) Wnat do you notice about the vertical coordinate for -each ofy
) A ‘the »points? ‘ M ) - R
6._ (a) Plot the points in the foilow'ing set: . "
- ((030), (0,-1), (0,1), (0,-2), (0,2}, (0,-3), (0,3)} ”
i {b) Do all the points named in this set seem to be on the seme line?
. (¢) What do you notice about the horizontal coordinate for e?ach of . .
the points? ) o .
7+ ‘(a) Plot the points in the following set:. ° s,
. ((0,8), (1,6), (2,4), (3,2), (%,0)) P T
(b) Do all-the points nemed in thig set seem to lie qn the seme
. Y line? — Z} / '
’ 4 d‘rite the cgo-rdinates of each point in the’ follcwing' graph as an
" ordered pair:” ) / Y ’

b‘ .
o - L
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3.9 Quadrents / '

/“'y

In describing the loqai:ion of a point in the coordinste plane, it is
convenient t% épecify the portioneof the plane in which it lies. The hori-
zontal axis and the'vertical:axis divide the plane into four regions. ;Each
' : The first guadrant is the set of all

[ of these regions Is called a gquedrant.

\~points whose hérizontél and vertical coqrdinatés are both positive. The

+ second guadrent 1S the set of all points whose horizontalocoordinate is  \_

negative and whose %ertical copi"dinates are positive. The thig quadrant
. is the set of all points whose horizontal coordinate and verticel coordinate

are both negative. The fourth guadranf is the set of agll points whose hori-

zontal coordinate is positive and whose vertical coordinate is negative. We

N . _ .
denote these quedrants'by I, II, III,.IV, as shown in Figure 18. /o

P 1 7,‘,. | . '?‘ ’7!/ | B

. u r "
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[ . II |- ‘I -
- () 31 e Bl
- N . 2 ™ ! . - K
2. _ “. ‘ 14 ’ s
’ ‘ ‘o - <t ——
) i ' > “b-3-2 [ 12 34
\ III -2 1. v, )
* v ‘ (':")~" _.3‘ ) (+:‘) "~ N
. ' . . 2l . * Figure 18
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If both of the coordinates are zero, the point is the origin. If the hori-

zontal coordinate is .zero and the vertical coordinate is positive, wé say .. s
that the point is on the positive vertical axis, but if the verticel coor-

dinate is‘negative, the point is on the negative vertical.axis. In e

similar menner, if the horizontal coordinate is positive and”the vertical

coordinate is zero, the point is on the positive horizontal axis; with
. horizontal coordinate negative, vertical coordinate zero %tells us that the
point is on the negative horizontal axis.
ey .
Exercise 5

1. Given the following ordered pairs of numbers, write the number of the
quadrant or the position on an axis in which you find the point repre-

sented by each of these ordered pairs:

: (a) (3,5) ()  (-3,-1) .
(o) (-5,1) (r)  (7,-1)
(e) (1,-4), (1)  (8,6)
(a) (-k,b4) (9  (3,-2) :
Le] - (0,0) () (-3,-5) .
. (D) (0,5) (1) " (-1,3) .
{ 3.10 Graghdng an Experiment . - ‘

Let us go back and loock at the two experiments we performed earlier s

.

in this cheapter.

You will recall that when we balanced the books on the edge of the
table, it was suggested that we might collect the following set of o%dered
pairs: ' ' " .
J s . \
] ‘ {(1,12), (2,18), (3,22), (4,25), (5,27)).
At the tﬂne, we dld not classify this relation as a function. In this par-
ticular case we have 5 elements in the domain and 5 ordered pairs. This

tells us that each element in the domain appears in only oﬁe ordered pair.

Another way of saylng this ‘would be that there is only one meximum overhang .
for a given stack’ of books balanced on the edge of th4 table. By definition,

v
this relation is a function. " N

. Similarly, in the irregula* bottle experiment we obtained a collection
of ordered pairs which make up & function ’ ~

. L]
' A

Let us graph each»bf these.functions on a coordinate plhne and see what

e i P
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we can conclude from these two graphs.

In both cases the elements in the domain will contain no negative num-
bera. ‘It is certainly ridiculous to balance a negative one book or pour a
negative two glugs of water into the an”ﬁ;!y bottle. It should also be
obvious ﬂpt the range of each of these.functions will contain no negatlve
, numbers. TUEE tells us that the functions will be limited to the first
quadrant, therefore when we draw the axe&for each graph there is no need

to- show the other three quadrants.

- ' The graph of each collection of ordered pairs might look something lik
this: B ]
{ .
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~ _  Number books in stack ' Number of Glugs
- ‘ ‘ .
\u ' Domein: [1,2,3,4,5)} . Domain: (O and 15 and all
. ? : ‘ . numbers between O
. : ' ’ and 15) P
L >
. ‘ ‘ ) .
4 ‘ Y- Figure 19

. . .
. \ - .

You will notice that in/each case we yere careﬁ?l to indicate the scale
being used on each axis. It isn’t always ntcessary to use a unit- -length on ~
the hori*zontal axis which is equal in length to the unit -length on the |

~ vertical axis, but care should be taken not to Jpecone conﬁlsed when these
. different unit- ~-lengths are used The hozzlizontal axii and the vertical axis
' should always be labeled to indicate the domain and the rahge of the icm\/

Plot the d/ata you obtained for the irregular bi)ttle experiment on a ‘ .
rectangular coordinate system. Notice that the number of glugs are plotted
~
along the horizental axis with even spacing‘. " You mey use any convenient unit .
- - - 0 i - } | . vq
. | .

Q , . 82 L ' B T

-ERIC S o ) _ ,

< .
» [




e o

‘BaCasaiten ad ssbnisntha s Lon Mo AL A i e e e T 8
. . ..

[N

of length on this /a'xis.

Can you see any relétionship between the shape of the bottle used(é)d
the shape of the graph fov'med" What do you think was the shape of the bottle
used tow get the data plotted in Figure 197

r'd
The boy who did the experiment made & misteke and made one of the marks

on the tape slightly away from the righ't position. By looking at the graph

of. Figure 19 can you see at what point t}}/e mistake was made?

‘ Now*we s}{e{xld ask if each of the graphs is a complete pictorial repre- -
sentation of that particular function. Rememberz.ng that we have defined a
function as a particula,r set of ordered pairs, our problem is simply this:
"Does the graph indicat®.all the ordered pairs of the function and only the

" ordered pairs of the function?” -

4

The gréph of the "book balancing" function is complete. There were' only
five books in the sei of books. At no time did we perform an intermediate
task‘of balancing a Xractional part of a book. So in this case the domain
of this ﬁmctign i% the set which indicates the number of books in each stack
{1, 2, 3, &, 53.

) The ordered pairs collected in the irregular bottXe experiment defined *r
a function. It' is possible to find other ordered- pairs that have the same Vo
relation. This could be accomplished by using parts of glugs. . °
‘
We should b‘e able Yo see that the problem of actually m?suring ex-

tremely small amounts of water and the effect these wo{zld have on the depth

of the water in the oott%.e becomes impossible to determine. Our' technique "
of adding water and measuring distances Just isn’t that ac_curate, and’ we

certainlﬂr don't want to take tHe time to attempt this kind of measuring if

“it isn?tenecessary. Is it possibf‘é‘, then, for the graph to tell us about

ordered pairs in the set which were not the, reésult of direct measuring? In
o : [
other words, can we use the graph to meke reasonable predictions of cher
ordered pair‘ in this s which dejines the funétion?
M - r‘ !
~ ¥ Let us|pause for a moment and think|carefully about the domain of this.

function. Ip there,such a volume as -é— glpg or .9632 glugs? We do not ask

if we measured these vol.lmes tut merely apk if such volu'mes exigt g

you decided that the capacity of the brot e was 5 ghgs. » ..
then. that the domain of this function W ld be‘the numbers O 8 d 5 and all ‘J‘
nhmbers between O and 5 which could ‘6e se?‘@s a measure of v‘ol & . %\ .

agaln look at the graph of the, ordered pairs collgcted in this jexperiment.

. .
- .
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axis. We can acgomplish this by pl

' e : .
ing a dot at the O coordinate and a dot

at 5 coor“dinai:e and connecting these dots with a solid straight line along

the horizontal axis.

60 +
\\_‘/\, ) '. ‘l ,

P
a i
Hl&p" \ .
9 .
g
s @ i \ \‘
A 8o T : . ® ~ .
< 2 S R 4
o .

\3
)

-:;20--~ X . . JU
'g ) M
; . °
)

107

: —
" - - - ————
1 ) 3 L 5. 6
+ -

Number of giugs .

~  Figure 20
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~

This solfd line Begznent along the horizontat axis clearly shovs the domain
of the ﬁmctiom. By definition of g function, we show that every number in

the domain must be a?bociated with & unique number in the range.

Clearly,

our graph does not 7e;how all of these ordéred pairs, and we may not be able

to predict other ordered pairs.

depth increased.

However, we might again think of our ob- -
gervations as we filled the bgttle with water.

As we added the water, the

At no time did the addition of any volume of water cause

the depth tp decrease. ~At the same time,gthough, the depth increesed grad-

ually|or smoothly.

great| jumps in the depth of the water.

The addition of small amounts of water did nét cause

These o'bservations should lead us

to preé—ict thaet the pdints we have graphed should be connected by some kind
of lin? This line should probably be a8 smooth curve __/ rather than 8

series o‘f connected 3traight line segments _/\ .
J&irs on the li‘ne should have the property that as the elements in the domein
get larger, the corresponding elements

reachés a maximum value of LO.

Also, these ordered

etween O and L40.
84 7 '

&
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in the range also get Jiargﬁer antil it
From this we can see that the range of the
furiction is ‘the mumber O, the number %0 and all number

4
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. We realize, of course, that the points on the curve, other than those
poipts we actually plotted, are really only a prediction of what the gradua-
‘ tion depth would be if we were to measure that particular amount of water
and place it in the bottle. Taking more measures and plotting these’ would
give us a better basis u nMich to make the prediction of the actual shape
of the graph.

*
*

) Exercise 6 - ] SO
o» . : . . - . \
1. In an experiment a solid material was heated over a burner. The temp-
\ erature was recorded as a function of the time 1t ﬁok the material to

reach a definite temperature. Let the domain be the set of all times
from the beginning of the experiment to 18 minutes later, and the range
be the set of all temperatures from 20 C to 200 C.
(a) Draw a horizontal and vertical axis and place the apf:ropriate
labels for the domsin and rangé on these axes. ‘
(b) Mark the domain on the horizontal exis with & heavy dark line
as in F;igure 21, ' - »

-

o (¢) rk the.range on the vertical axis.
(4) Plot the following ordered pairs which ‘were.collected while doing -
the experiment: (0:20): (W):(lh&): (6;80): (8:,81):'(10:82):
, (12,83), 14,120) - (16,160) , (18,200).
(e) Connect these points wi'th a ';smoo-i:h" curve.-
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. , ‘
What temperature would you pradict for the material at the fol-

oAy T T T )

lowing times. 1 minute, 5 minutes, 9 minutes, *17 minutes?
At what time would you predict the material would have the fol-

lowing temperatures: -70%, 100°¢, 150°C, 180°C? :

2. The following graph ‘was dravn fram information gathered in an expéri-~
‘ment) dealing with a ball thrown into the _air/ The height of the ball -

. abovea the.ground wasrplotte.d as a function of the time it took fhe ball
5 IR .

O

.

o

RIC

.
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(c')

(a)

5

250

"

//

to rdach e definite height.

‘predict theg ball 13

~ . 2 .
‘seco?d? ‘ . AN =

Wha:b is the domein of
this fanction?

What is the range ,
fthis function? .
How high would you =

“

—
1
- -
.

would be after 3 T 1

4 8 :
. Time (sec) «
How long had the ball been in upward flight when it reach
.height® of 125 ft? -0
How long had the ball been in flight when it des cended jto
height of 125 “ft? .
Can anything meaningful be said cor‘l\c’ernin&fthe he ght of the
ball/after 10 secon&s? Explein. -

0
o

a

N

4
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3.1 Summary ': o v : .
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In this chapter we introduced the idea of using ordered pairs to show

"the relationship betweeff‘ the elements of two sets.
called a relation.

called the

the.range of the relation. T

The graph of a relation kelps us to see the infoma}fi ; 'v

relation.

fremework’ for graphing a-relation.

domain and

ugsd a great deal in the next chapter.

A set of ordered pairs is
'I’he set of all first elenents of these ordered pairs is

domein of the re ation. 'I‘he set of all second elements 1 /\/called

130

n\

A rectangular coordinate system is cqmmonly us@ tQ'provide the
The horizontal axis correaponds to the
the vertical axis to the range. The graph of .a relftion will be

T v
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. e J THE LINEAR m(c'nom

e

-

k. Graphlng Iinear Functions Through the Origin

’

For 15;5 you can buy three packs of gum. So six packs would cost 30£.
Naturally you would expect three times that many packs to cost three timeﬁ as
much.\ The cost is proportional to the number of packs purchased. In a simi-
laAway the di?.nce a baseball travels is proportional to the force with '

er the batter hits the ball the farther it goes.

.

.

(‘/lere is a third example o this simple kind of relation. .The height of a

£

- —Fortunately, -the ratio of height and age does not stay the seme.

stack of two-by-fours is proportional to the number in the stack. , Stack *
. >

height and number .of pieces increase or decrease in the same ratio.

Many ﬁmctionsm in which a change, In one quantity causes the other
quantity to cherge in the game ratio. Triple the number of sacks of ¢ t
on'a scale and the weight triples. Allow a faucet to run only half as lo

e

and only half thg amount of water flows out.

* Not all functions are of this simple kind. Think, for ‘instance, about
height and age. Are your height and age changing 1n the seme ratio? When
you are three times as o0ld will you be three times as tall as you are now? _ R

R 'Y VPO
In this section we are going .to l;Lmit our study to those things that

change in the same ratio, TiXe weight and the number of 1dent1cal 1tans

weighed. We shall start with an experiment because it will reveal what the

graph of this kind of relation looks like. What are the quantities we will

graph? They are the lengths of two objects, a new piece of chalk and an un-

sharpened penéil. Both of these lengths will be measured in a variety of .

units. The measurements will give a set of ordered pairs. Finally, wé will”

graph this function to see what it looks| like. \

v The lengths of the chalk and pencil should be measured in. at least ten
different, units.- You undoubtedly think of the inch'and the centimeter ﬁrst.
Measure the lengths of the chalk and the pencil in inches and record this or-
dered pair in, Table 1. Now meesure the #ength of t?e chalk and the Yength of

. the pencil in centimeters. Record this ordered pair in the table.

The rest of the length measures of the chalk and pencil will be made
with scales you do not ordinarily think (;f as rulers. A pi'\fce of lined loose
. . : b Vi -

, | : /

. 8 ,
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leaf or notebook paper is such a length scale. Léy the plece of chalk on a

sheet of lined paper with one ehd of the chalk on & line. Count the numbers
of spaces spanned by the chalk on the lined paper. Estimate the gmarest tenth

of the final space. Use the same sheet of lined paper to find the length of

the pencil. Record this crdered peir in-the table.

A variety of other graduated objects are listed in the "measuring deviee"

)column of the table, Use as many of these ss are available to find the length

of the chalk and éhe length of the pencil.’ You should add graduated objects

. .
of your own discovery tc this listeso that you wave at least ten measuring de-

. , . A
evices. Look around the hLouse for objects or in mageszines and newspapers for

pictures that have eqdalij spaced marks on them. Anytﬁing with equal divi-

sions can serve as = lengin messuring scale. Ever; measgrement should be made

to The nearest ten*h of = scale divis:on.
+ %
- . ~

Measuring device Leng*h measure Length measure
. of the chalk 0% the pencil

Ruler (inches) )

(
Ruler (centimeters)
(

Ruler (Zfeet) : N

Ruler (meter) " ,

-
Notebook paper

Ordinaery greph paper

Thermometer - ~ |

Crossword puzzle

Greduated cylinder

Linés on a printed page

L. Bead/ chain {frem a tath- )
tyb stopper)

Table 1

' s "

/ ‘l Let's plot these ordered pairs as points on a graph. The domain will

.F

RIC -+

be the length measures of the chalk, The range will be the length megsures

of the pencil. . '

When all the points have been plo%éed lay a ruler Lo that itsledge is

on the two point at ‘are farthest apart. Where are the eight in-i%tween
1

points? The regularity of these points is evident, isn’t it? Did you ex-

. pect them to line up that way?

If one of your points is off of the line of the others, go back‘gqﬁ

.7 88 -
IS .

.
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remeafure the chalk and pencil using that unit again. You will probably find
that you made an error the first time. There's anothér feature of this graph‘ .
worth noting. Align your ruler with the poihts again. Do you have to shift i L

"the ruler much to get it on the (0,0) pomt? Do you think the origin ought -
to be on line -with the experimental points" Observe that the measuring devi(:e
With .the largest unit gave the point closest to the origin. 'I'he measures df

the lengths” of both the chalk an<§J the pencil decrease as the measuring unit K
" 1increases. The larger the unit the smaller the fieasure. If you were to ’
measure the chalk and penci" in #fles, for e‘ample, both length measures would- . L
be véry close to zero. The experimental points should be in line with the
origin. hd )
A set of points are linearly related if¥hey lie on a stra\ig.ht line. . ’ ;
. Since all the measurehents you've mede give ordered\ pairs whose .points lie on +

- a gtraight line, draw a line through them. This line passes through many

pbints in addition to the ten or so yoa've'gotten experimentally. What{ about &//
. 8ll the other points on the line? Does every one of them belong to the reXe-
v tion? If they do belong, we call the relation a linear ﬁmction. If they do

ﬁo‘t"belong, we call the relatidn a discrete function in which the ordered pairs

.

AR are linearly rel ted. By the proper chaice of length unit, any one of the
ordered pairs could be made to appear in the tabl'e. E‘v'ery poi'nt does repre- {\
. sent the lengths of the, chalk and pencil in some unit'f‘ Consegquerttly, an un- . ‘
3 broken line should be "drawn through the experimental points. & . -
o To enphasize that a continuous line, should be drawn to represent the o
:ﬁ.metion, let?s think about an example of a function that is represented by
t- a set of points, through w}nich no line should be drawgl. The ordered pairs, ) ,
% COnsisting of the number of two- inch cubes in a stack and the corresponding
-
7 height of the stack, is a good e:gample. Here s the graph . :,
§i oy 20 T 't 'r . \‘ . "
. . . 4 . s
i | L : - ey
R I | b ! . . ] |
o RS I i - \
: @ -t -t ‘ L+ . . o L
I - N 1 e R -, ;
5 10 IS T g .. v “r,
) L ‘._._L.i-l.. .o ‘ .
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The height increases by two inches for each cube added to the stack. \Stack
heights of 1, 3, and 5 inchés, for example, can never occur. This is called
a discrete function.because the domain includes only the integers apd tﬁe
range includes only the even integers. The points should not be joined by
a line even though they lie on a.straight line.

Let's see if there is a linear relation between the measures of lengths
measured in feet and in inches. Measure the length of the oblects listed in

the following table in feet 'and in inches. Record these ordered paire in

the table. .
inch measure foot measure ,
Leng{h of the desk
. Helight of the cralk trough
. Length of this page
’ width of the door - .
Table 2

Now plét these ordered pairs. Foot measure should te graphed on the horizon-
tal axis and inch measure on the vertical axis. Can you align your ruler
with all these points? Should the origin be included? (That's the same as
asking: gdoes zero)inches = zero feet?) Is the éraph of the relation between
inch and foot ﬁeasures continuous? Is the function linear? If s0 draw &

straight line thrdugh the points.

In case you need more practiceé on discovering linear reldtions, fill
in the tlanks in the next minute-second function table. Here's %he way to
do it,'based on the first time interval shown in the table. It takes two
minutes to fell asleep. TWOsmiputes equals.2 x 60 =(120 seconds. Write

120 ig the number of seconds éolumg.
[ 4 * .

Tiﬁe interval ' minutes measure seconds measure .
. Time to fall asleep 2
Iime to soft boil an egg 3 R \
i - Time to run a mile ' 240
Time for a TV commércial 90
Length of récess period 5 '
, Table 3 >

)
Plot these érdered’pgirs. Number of minutes should be on'the horizontal axis. -

Does the function indlude’the pair (0,0)? That's the same as asking, does . .
(] ’ .t (

*
N . ; .

Q 90,
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zero minutes equal 2ero seconds? Is the function continuous? Is the func-

' tion linear? If so draw a straig}{t line through the points.

-
Exercise -1 .
\ ‘ _—.
1. Which of these graphs’ represents a iinear relation?
.-.'L'l‘i[iyﬁ T T *
S L A .-
BRI/ RN ER! : .
b4+ - j' . ++_T. [ ]
 imssuges ‘
58 inhy'mEgEsSSRg nnEnhes suncsseonad-teotSCET] NN SN
JASRERNESSSEReSE SEOOBEIOEL AN »
, Slipirnsimcberbirige o T .
) ; ' netenuatbil ehanaiiibi - o ¢
- e o PO .’4.:4..‘ p— :
(a) (x) ()
) 2. The table shows the ° s Measure Measure of the
: quare of a side perimeter
* corresponding lengths ——
of the side and A ! 4
perimeter of a set of 2 3 _
o
; squares. hd 10
. (a) Supply the numbers D éo
missing from the E 22
table. - r 2.5
{b) Graph the data to .
see if the.relation
) ‘ is linear. ' -
; .
. ' b
i b pnd N . .
L . T A ] .
3. L R DD + The graph is that B A
- v, 'of & linear function. R
. A .
. ! T v Complete this table 10
y ‘ i frou the graph. A AP S
] i S
= s , 5
* o
4, Is the funetion x Y
S—
shown in'this 1 N * /
table {}near".’ 2 8
4 |16
l -
et 3 E -
. 0 0
R o ) ‘91.’ .{1'8 '
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4.2 Representing Linear Functions by Sentences

A further stgdy of ‘the linear relations which we have already graphed
will show a way to recognize this kind of linear fuhction without graphing it. |
- " . "First look at the ordered pairs in the minute-second data table. (See 'I‘ab‘f.e

3.) The measure of any time interval in‘ minutes 1s smaller than the corres-
ponding measure in seconds. The number connecting any ordered pair in this
table is 60. Multiply any number of minutes by 60 and you get the corres-

popding number of secqnds. This fact can be written in sentence form: ’

' Seconds measure = 60 X Minutes measure.
Would & similar statement describe the relation between the measure of

any length in feet and corresponding measure of the length in inches? Is

there some number by which you can multiply feet or inches to get the equiv-

alent value of the other measure? Which of ‘the following is 1t?

’

np.;nber of feet =.12 X number.of inches .

. - number of inches = 12 X number of feet °

The sa\me type of sentence cansbe wrikten to describe the relation Be-
tween the measures of the length of a piece of chalk and a pencil, These
- measures were recorded in Table 1. You can easily find the number connecting
the two elements of any ordered 'pair in this table. To do so divide any
length measure of the pencil by the ccrr,responding length ngasure of the chalk.
(The quotient should be between 2 and 3 since the pencil is a little over
twice as longas the chalk. ) Record this .guotient in the blank tolumn of

.

Table--b. ‘ ' v

. p
. X ' . Measuring device - Pencil length
. , . L + chalk length - ’
Ruler (
i ce Ruler (centimeters)
Ruler (feet)

R - Ruler (meter)

inches) - . 1

K4
\

Notebook paper AR

Ordinary graph paper .

- Thermometer ~

Crgeswo'rd puzzle . : /.

. Graduated cylinder ) - ! o~

Lines on a printed pege ‘
’ ﬁ‘ead chain

L.

. . ’ ‘Table &4 -7 °

-t .
‘
N, . .
B . - e N
o » ' .
.

¢ - .
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'@i Write the relation between: .

D

‘.
.
. . 3

Fing the quotient for all the other ordered pairs. Record each in its proper’
place in the quotient cglumn. Add all these,quotients and divide the sum by .
the number of Quqtients; This:averagg is the number the chalk length must be
mu;tiplied by to get the pencil length. This is a third function that can be
written in sentence form. ' ' ‘

.

Pencil length = Some number Xx Chalk length

Do you see how similar the verbal statements of these three linear. .

functions are? X Ay

Seconds measure = 60 x Minutes measure | '

“Inch measure = 12 X Foot measure,
Pencil length = Some number X Chaik }ength

A1l these linear functions can be stated in the same way:

The measure of Some The measure of

one quantity =~ number the other quantity.

[y

Whénever a function can be described by a sentence of this form it is linear.
Its graph is a straight line through the origin.

N

.

' : Exercise 2

[y < -
1. Filibin the miésing numbers:
(a) ‘Number of feet = X Numpér of miles. o
There are feet in 3 miles.
(b) Number of quarts = X Number of gallons.
* There are quarts in 8 gallons. -
(¢c) Number of hours = X Number of days.
There are * hours in % of a.day.
(d) Numbe{ of ounces = X Number of pounds.
There are ounces in 20 pounds.

. (e) Diameter of a circle = X radius.

(a) Pounds measure and the corresponding tons measure.

(b) qut’measure and the corresponding yard measure;

.{c) Houre measure and the corresponding minutes sure.,

(d) Cubic foot measure and the corresponding cubiyyard measure.
(e) Year measure and corresponding day measure.

(f) The circumference afd the corresponding diameter of a circle. .

)
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3. A meter is longer than a.foot. The number relating‘Lhem is approximately

3.28. How would you write this relation? . ‘

\
L.+ A gallon is a smaller volume than a cubic foot. The number relating
) - \
corresponding measures is approximatelyj?%. Write the relation between

a number of gallons and the correspondiqg number of cubic feet.

5." In the preceding four problems thirteenf¥ineér functlons are described.

Can you give additional examplés of linéar functions?

4,3 Functions of the Form: y = mX

All the linear relations we have studied can be written in similar form.
Here are a few of them.
(a) Number of minutes = 60 X Number of hours .

(v) Number of inches = 36 X Number of yards .

.
° * (¢) Circumference = x X Diameter
o 60 .

These st&tements look even simpler when letters are used instead of words.
sTh theoplace of :

2 .
¢ ' Number of mifutes write m

Number of hours write h T4

Number of inches write i

5" Number of yards write y ‘ .. /
; -~ Circumference write c ’ . ; T
Co Diameter write d ) /’I )
o . >. and the three statements become:: ° . ‘// .
L (a) m =60 h - e
: (®) 1=36y : / C
o (C) ¢ =qxd o T ////

. Wnen the statements are Written in this brief, symbolic yéy they are called
equations. Note® how much alike these egquations are. Each conta%ps two let-
ters and one number. Notice that the equations are true for thewsets of

ordered pairs as follows: ° /

. . (a) (n,m) / - . S
. (b} (y,1)
¢ (¢) (d,c) > " e -

'L
——

. ) . .
. .. vhere the letters in the orderdd pairs have the same meanings ‘as abqve. .

- - LY

e e, .
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Convert these sentences into equations:

p (a) Centimeter measure = 100 X Meter measure ' .

(b) Pint measure = 8 X Gallon measure
, (c¢) An automobile+is traveling at a speed of 50 mi/hr.
Number of miles traveled = 50 X Number of hours.

All have the form

y:u}x.

This is the equation of a linear function whose graph is a straight line
through the origin. For example:

v

1et m=z60h 8
=36y
’ c =gxd

The identical arrangement of the two letters and one number in wse linear
finctions suggests a fur¥her simplification:

where Yy stands for m, 1 or ¢ .
x stands for h, y or d

' m stands for 60, 36 or &

S i

’ "Exercise 3

1. The linear relation:

Dy

Number of minutes = 60 X Number of hours

H

becomes m=60h

.

when written as an equation. Use this equation to complete the following —

statements: o’ ’ »

(a) If h =3 hours, m = - minutes. ’

(1?') Ifh = % hour, m = .° minutes.

(¢) If m = 300 mihutes, h = hours.

(@) If m =20 mi”nufea, h= ° hours. ‘ '
. e "a

¢

2. A car averages 20. miles on a gallon of gas. Write the eciuation relating,

number of mtlés frgveled‘ to numbez; of gallons of gas used.

3. Complete the table using x Yy
this Tinear relation: 3 . -
. 1 N
y = 1+x. -2- i < v
. 8§ ‘ - ( 15 -~ .
A -_t . -
o . R
° 2(5
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4. U.S. paper money is available in bills of the following denominations:
. $1,.$2, $5, $10, $20, $50, and $100.
(a) Mske a table showing the equivalent number of quarters of each of
. ) v -
these bills. a ‘
] * -
(b) Graph this et of ordered pairs. ’
(¢) 1Is this graph continuous?
(a) Write an equation relating the value ‘o any bill in dollars and
the equivalent number of quarters.
‘
’ % ~ L4 t -
4.h Slope : v
.- Previous sections have considered linear functions whose graphs are
(] - . » . -
straight lines th_rough/the origin., We discovered that such functions can be
‘représented by an equation of the form y = mX. Here's a review of these ideas
in terms of an example. !
) (a) Knowing that’£0-seconds = 1 minute, 2 .
" /
. we ‘can write the equation: s
. 2 s
. Number of seconds = 60 X-Number of minutes* ,
' s = 50 m. -
4 (1) *use t
(b) °Use the agove equation to m 8 .
' complete the table. 0 0 e
o B - . -~ 90 , .
120 h
) 2 N Id 0 3 P
L
N : OO I I I rr rrmr
' (¢c) Finally,”® 250 : : ,
Vadnd
note that the IO
compPeted, .. 0 %‘;j " nu.
« / r(g gttt o el A I3
table gives g SRaNE In) A .
RSB RNDSEN dde
* this graph. & 150k R BS 1
. \ ) ’ 0 -+ \,4____+;r3 o T ok o
. o T e tisnn e
N : 100 Hi-~ ‘;*"r‘h‘} T Ppd + o .
~ . ° r_wr -<v1A -+ i
& B %/1/" s T
ol - ; S S ‘ gt ‘ -4
C B sof TIPS 1
4 -ttt g b b4 o ebt g
. o ﬂ?..‘\FIQ‘,L-.,‘ bt L + 4 5
: ' 4§R Sy Bannmunnisua N RSN ARG
R S B T I S B SEESuEie
¥
‘ s /0 1 2 3 b
Figure 2
L}
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Take note of the order of. these.three steps:
“(a) We stﬁ?t;o with an equation. .
) (b) Made a table of ordered pairs. *u
(¢) Plotted these pairs qhd drew the line.

It is often guite useful to do, these steps in a different order. For
example, when a scientist performs an experlment he dbes the following

(a) He makes measurements which give him a table of ordered pairs.

(b) He graphs these pairs #nd draws a line through the points. )
‘ (c). Finally he figures out the equation of the function from the graph.

———
~

FECE .-, »
, Here are these two procedures, side by side, so you can compare them,
A

o (a) Eguation ~ . (a) Table
_4b} Table ' (b) Graph
‘(c) Graph (c) Equation

- We will now learn how a scientist goes from the graph!to its equation.

. ©oAl linear functions whose graphs are stralght lines through the origin
- have an equation of the form: M ’
>, = —
‘ - y = mx.
. . L)
*These examples will refresh your memory:
(a) Diameter of a circle = 2 X ra&igs d =2r
. (b) Number of feet = 3 % Number of yards f = 3y.
(¢) Number of guarts = 4 X Number of gallons g = 4g
:(d) In.general ¥y = mx
“All of ;hese'equations look the same except for the value of m. The graph

shown in Figure 3.

c’l of each equation is a straight line through the origin as
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These linear functions differ in two ways: K\\
J] : LIS Y
a/‘ i (a) ' The equations Pave different values for m.
-~ ) (b)* Each graph of these linear functions ha's a different rise from

left to right.

NOTE: The larger the value of‘m, the steeper the rise of the line. Since
m controls the steepness\of the line it is called the slope of’the line.

Let's. use the graph of the equation g = bg to discove; the‘mefhod for

.. . finding the value of the slope, m.
ot B i Uy
+ —H&v&-g-o—f- U SV
16 —i— ,IT-..--’.‘-P.y—rA—»..«»* [
o SR SR SR D e T Ty S
+ - i e -4 e .
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R ,-’_7.-7... R e *+,_..~.+‘§
e e b L LT
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Figure 4
. N

Tﬁé equation of this line is g = bg so its slopé, é, is 4. Here's how to get .
the skope, 4, from the graph. .
(a) Select any two pointd on the line. Let's use (1,%) énd'(3,l2).
{v) Draw a horizontal line (shown dotted) from point (1,4) to the right.
. , (c) Draw a vertical line (also dotted) from (3,12) down to meet the
horizontal dotted 1fne. "They meet at the point (3,4).
(a) Find'the difference, called the rise,between the ends of the vertical
dotted line. This difference is 12 - 4 ='8.
(e) Find the difference; called the run, between fhe ends of the hori-
v " " “Zontal dotted line. This difference is 3 - 1 =
(£) Tne sfope, m, has the “velue: '
" rise _ vertical difference 12 - &4 L

run horizontal difference 3-1

v -

. Q ) + R,
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It's worthwhilé reﬁeéting that the slope, m, can Be found from any Ewb
points on the line. We have Just used (1,4) and (3,12) to get m = 4. Iet's
find the slope, 4, using the points (0,0) and (4,16):

(a) Draw a horizontal line from (0,0) to the right.

- (b) ' Draw a vertical line from .(k,16) down. These two lines should teet
at the point (L,0). . '

(¢c). Find the risg and run.

16 --0 -

(d) Do you agree that m = —ps 4 2

Exercise 4

Use the points (3,12) and (4,16) to find the slope of the line graphed

D R S T

-

D C

on page 98.
Find the slope of these fpur lines.
A
. RS SRR
a5 rino
+ 1 [
S I S S
PO R S
20 poerA iy
ot 34
¥
5 [T
e
10 [1:
N
-+
"f
5 g
;f
0

,The graph relating the measures of time intervals in seconds and minutes

is shown in Figure 2.

What is the slope of this graph?

‘If you were to graph the following équations, what would be the slopes '

of the lines?

(a) @& = 365y
(b) q =16p°
(¢) y =3x

.

s
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5. Find the slope of this “6. Draw a’'line that has twice the
*+  line, us%pg the method slope of the line shown on the
outlined on page 98. graph. Draw another line with

half the slope.

’,

i~
Q

!

+ 1

7. Try to draw the graph of the equation y = 5x, using only the fact that
the slope is 5. . . -

. v .
4,5 Coat Hanger Experiment

>

In the preyious section you learned that a scientist frequently finds it
useful to start with a function table, make a graph and from it figure OPt
the equation.relating the ‘variables. He often does an experiment (as you
did when you méesuiedxthe length of a piece of chalk and a pencil) which
gives him a data table, %e graph% these data. Finally he uses the graph to
figure out the rel&;ioﬁ between the variables. Let's see if we can carry out

such a process. . .

+ First get the generai idea of the experiment. When*you walk eut on the’
\

\

end of a.diving board it bends down. Suppose you were Joined by a friend whp

\ -
weighs the same as you. The board will bend more. How much more? You're

) tempted to answer, twice the weight, therefore twice the bend. But can you

be absolutely certain withoyt making measurements? This is an example of
the kind of experiment we are going tQ do. Bridges sag under a load of auto-
mopiles; the top of the Empire State Building sways several feet_ih a hiéh
win®; a bow bends noticeably when the archer pulls back on the tring;to
shoot an arrow, etc. Everything benés when a force is exerted oA it. Pe{haps

-~ N . -

o . ’
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the amouht is slight, even unnoticeable to the eye, but it is always there,

The purpose of the experiment is to discover the relatioen between the

»

. amount_é coat hanger bends and the load hanging on it. Follow these de-

tailed instructions to do the experiment. * -

Attach an unsharpeneq pencil with cellophane tape to the top of the
desk so that about one-third of the pencil extends beyond the edge. Lay
several books on top of the pencil to keep the tape from pulling loose.~

COAT HANGER

Figure %a
Paper clips are separated

to indicate position of

pointers A and B.

E . v /
. ’ Figure 5 b
. % Pointers have been shaded
3 L and ‘clips have been joined
) g ‘ bytum.x+ )
a‘.‘ Figure 5 ‘ .
' X ‘ » y
o B - 101 ?(}8 }
- |
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\{ Study Figure 5 carefully before you attempt the next step.

:!.nside loop of two jumbo size paper cllps to form pointers.

Bend up the
(The pointer

.sholild be perpendicular to the body of the clip.) BSlip the two clips on the
4 .

"bottom side of the hanger.

Tape the clips together to form a single hook for the masses.

¢

Hook the hanger on the pencil. Slide the paper clips to the exact cen-

ter of the hanger. Tape'a ruler to the side of the desk, in such a position
, that the paper clip pointer is aimed at some centimeter mark on the ruler.

With a set of masses at hand you are ready to begin the experiment.

3 Figure 6

) «

13 " .
Hang a 100 gram mass on the clip and measure, to the nearest millimeter,

the dmount the hanger bends down.

caused in the dsta table.

Record the mass and the amount of bend it ’

»

) ) . M (mass in gnm) . B (bend in mm)
0 o . it

: . 100
o )

\,‘ 200~ . ’

- L4
oy ‘ ete. o
T N “Table 4 - e

d >

Increase the mass to 200 grams and measure the total-‘deflection (bend) it .

* produces.

Record this pair of numbers.

Continue to add to 'the ‘mass, 106

grams at a time, until you've reached 1000 grams.

For each new load u{easure

the corresponding total bend and record this ordered pair in the table..

s

~
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The complete data table is a set of ordéred pairs showing how the bend
in & coat hanger is related to the load omr it. Another way to display this
function is to graph the ordered pairs. If the graph turns/out to be a
straight line tﬁrbuéh the origin, tht function can be written as an equation
of the form: -

B =mlL
where B 1s the bend, L the load and m thﬁ slope.

-

Make 'a graph of these data. Plot load on the horizontal axis and bend
on’the vertical axis. If the points approximate a stra gnt line drav the
best straight line you can through them. :

' . ) " \j

Determine the slope, m, of the line. Put’this value of the slope into

the equation - : .t

and you have the equation of the line.

b

Efercise z.
1. , Suppose there is a linear relation between ¥he amount a diving board
_penés and the load on it. Thén it would be like the coat hanger.
(a) 1If-the boasrd bends dowa 1.5 inches when you (120 pounds) get on
it, what would be the total bend when yé;; friend, who also .weighs
N 120 pounds, joins-you? )
(v) Suppose you exert é force of 400 pounds on the board when you

Jump on it. How much will i% bend?

2. Make a data_tablel and é\graph of the linear function described in
Problem 1. What fs the slppE of this line?

3. What 1is the slope\and’ghe equation of each of these lines°

Y
T T e e m e —_— . e s ..
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25 e ¥ - D ‘«.—-._.——‘—-_L-..A—-«.‘- b e .‘.\
. 4*'&_._‘_.&»..»- ——— b «-_.A*M._,.»MA - e e e e e -
DR SO P O (SO ‘r+.-++a~.,‘»—+<q...._ o}
I S Y I L R
20 . . J
B
.
A
v
«
4 X

¢
/



4 h et 5
o . .- -

{

V/r A gas station attendant could use the foliowing graph to figure out how

much to charge a customer for the gps he puts in his tank.
. (a) Wwhat is the . |
slope of the

] 9 .
e -~ ?
b, 50 [Tl i T , Line?
' e + < (t) Wnat is the '~
HEENSUR 1 ‘ P N
g 3.00 [ Tgffiﬁyi - — e 7i: ! . _ cost of 8 ‘
. ~ e SRS R gallons of gas?
G 3 e s ()
B | [RBZ ENEeE
3 1.50 [t [aassesnay) \c) What 1s the cost
o SSi g ey = ° of 6.5 gallons?
. 35 o . ¢ —lJ,—.—f—f—l R e b .
s T (@) Write an equation
) o) 5 10 15 that could be
e ¢ g (gellons) v om ., used to figure
gasoline bilils.
o .

- . ’

4.6, graphing Linear Functions in Gegeral - Spring Experiment .

Do‘yod think you eould 1ift an object that weighs as much és(you do?
rough
A populer arm strength developer you probybly

Some people ,can do it. They have built up their strength gradualiy
muscle developing exercises.

' have seen is a set of springs with a handle at, each ené. ’

@t

o, You can hold one handle in each hand and pull in opposite directions or yéu
can put ‘a foot through one handle and pull up on the other with one or both

hands. Why cah your dad stretch the springs farther than you can’ The reason

is no secret; ne s stronger. What causes a spring to stretch? What deter-

mines how much it stretches? Do you think there's any relation between the
pull on a spring and its length? Let's try to ﬂinq'out. Tepe a pencil to
the desk.. Weight the pencil with a couple of books to keep the tape from

pulling loose. Slip one €énd of the spring your teacher has provided over the

[
» . ~

Q
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Let the sp*.;-ing hang vertically so that the free end can stretch down-
Now pull harder. Was
Does it become twice as long

pencil.
ward. ©Pull down on the free end with a weak force.
there any change 1n the length of the spring?
or twice the pull" 0f" course you couldn't f£ind out the relation between the
lenfh and pull by this simple experiment because you don't know how much you

chenged the pull when you went from & weak to a stronger pull.

.

L To discover the exact\relationshii) between the length of a spring and the
Instead of pulling down
If you start with
a 200 gram mass and them replace it by a 40O gram mass you will have exactly
« doubled the pull on the spring. Do you think the length\of the spring with
a 400 gram mass Hanging on it will be twice the length for a 200 gram mas.s'?

pull on it a more careful experiment must be done.
with your hand, hang an object of known mass on the spring.

First hang a 200 gram mass on the spring and measure its length. Here's a

diagram that may help you understand how to make the medsurements.

, ) \\

A

\l

-
’ e 1o /
» T B
s
_/\ l', ‘o
. 2
= »
‘t‘\ N — :%

NN

\\

L v e -

.

Figure 8

- _ . So far you have one set of meaﬁ@-ements, a mass of 200 grams and the

. corresponding length of the spring.

Number of grams

Make a data tabi.e "1ike' thg following

and write this ordered pair in it.-

Number of centimeters

200

>

Q - ) .
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. Now double the mass hanging on th‘e spring énq meaéure the length of the
spring. Record this pair of numbers in thke data table. You doubled the
veight pulling on the spring. Did the len;gth of the spring double? Clearly
the relation betveen the length of the sp:ing and the mass hanging on it is
8till unknown.

Pel:haps the equation for the relation can be found from a grapH. To

100 grams to the mass hanging on the epring and measure the length. "Record.
the ordered pair in the data chart. Oontinue to add masses, 100 grams at

8 time, until the spring has stretched to about three times its ngrmal length.
Every time you add 100 grams, measure the length of the spring and enter th{s
length and the corresponding mass in the table.

Meke a graph of your data, plotting the measures of the mass on the

3 %Mes of the spring length on the vertical axis.

Draw the best line you can through the points.

'I’nis grapﬁ differs, in one striking way, from the other straight lines .
ve have fou.nd so far. It does hot pass through the origin. Thjs indicatEs
that the spring length does not change in the same ratio as the mass hanging
on it Of course, you acovered this fact at the start of the experiment
v"vhen you dbubled the mass and found that the spriqg 8 _leng‘ch didn't- double.

Now, yo{z~ see how the graph shows it by failing to pass through the oriéin,

Let's see if we can find the equation of this line even though it doesn't
pass through the origin. Suppose we consider an equétion of the form:
RN ’ . L =mM )
" whére L = spring length and M = mass stretching the spring. Find the slope
of the spring graph and put it into this equation._ Now} complete the following

’table of. ordered pairg from this equation.

. M (grams) L (centimeters)
. o .
' . 200
‘ . a;‘ h‘qo A
- . v - 6m {4
‘ etc. ?
Table 6 *

P : . .
' © Plot these points on the same graph paper you used for the spri'ng experiment.
Draw a straight line through the points. Evidently L = mM is not the equation

v
.

+
t )
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of the line ggtt n from the spring experiment. The best we can say for L = mM -

is that it is- e -equation of a line through the origin that runs in the same

i/

.. direction, or, in other words, has the same slope as, the spring" line.

Next, we will show how to get the equation of a line, not through the

origin, when you know its slope. The line whose equation we seek is the

s0lid line in this diagram. )
- - L]
. y
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Prove to yourself that the slope of the golid line is 3. Another line with a
slope of 3 has been drawf. It's the dotted line through the origin. Io ySh - :

agree that the equation of this dotted line is: ¢
: . %
N ' ¥y = 3x.
. ~
. Watch how this equation can be used to get poimts on the solid line. . .

(a) When x, in y = 3x, is replaéed by a number, say 3, y's valﬁe is
9. Hence (3,9) is a point on thﬁ dotted line. If we add 12 to ¢ st

’ 9 (12 is the vertical distance between the solid and dotted lines)
Qi’ -
the result is (3,21),.a point on the solid line.
(b) Try this for another value ojégf—eay 7. Forx =T,y =2l. Adg
12 to 21 and we' get (7,33), d point on the solid line. 2
aﬁ‘ Here's a third trial For x = h, y = 12. Add 12 and the result -
is (4,24), a point on the solid line.
In general the y-coordinate og a point of the solid line is obtained _—
by multiplying the x-coordinate by the slope, 3, and then adding 12. Points -
v . .
?
Q 107 1 1 4
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~ dotted line from the equation y

1. In the figure to the 30 15
right, the'four lines - - 47 -
each have the same 25
slope. The line throggh . . 4 A
the origin has tﬁé:;qua- 20 H »

, ‘tion s
y = 5x. 15

Write the equation of

each of the other three 10 ] o

lines. ¢ -
5 -

N e fx O +
0 1 2 . 83
¢ - A
» »*

Rl e

are found on the

3x,
solid line from-'the equation y = 3x + 12.

¢

s
Therefore, y = 3x + 12 is the equation of the solid line. The 3 is easy to
find% it's the slope of the line. The 12 is also easy to find; it's the

y-coordinate of the point where the line crosses the y-axis. This coordinate
is called the y-intercept. Its symbol is b. Hence the equation of any

straight line can be written in the form:
y = mx + b,

Now you can write the equation of the spring graph. Find the value of

the slope, m, and the value of the y-intercept, b, and Riﬁ them into the

y =m + b,

Exercise é

C
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: y : Use thé accompanying figure
; ] : B 5 £111 in this chart.
© 10 ' = . Equation
. L - ‘Dinemb},:qu’_b
1 # U
> A
d p B
5 " c '
5 _ i 9 i
5 . D
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Q 5 10 - 15 20 25 30 . . '

o 4

6. Graph this line.

; 3. The .equation of a line is y = 2x +
. e T L
‘4. The equation of a line is y = 6x + 1. Find out Which of the following

pointé are on this line without graphing it: . /
1 3
(1,7 (3,19). (2,20) (3,4) (3,3}

~

4.7 The Centigrade-F;hrenheit Exper

One encyclopedia lists several dozen different u:tlits in which length can
be measured. You have been using a few of them -- the‘finch, foot, yard and
" mile -~ from early c}}ildhood. In the eapl . lesSons o' this course you became
familiar with the meter, centimeter and millimeter. A variety of time measg-
uring units are lik‘ewise in common use ~-- the second, minute, hour, etc.
Mngles are measured in at least two units. You hav/e probably measured angles
in degrees. You may also have heard of the unit of angle measurement called
V bthe raﬁ;ﬁ. h A:]il these examples indicate the great variety of standard units ’
available for measuring any property. This makgs it important to be able to
shift from a meas:lrenent in one‘unit/ 'an‘the same meausuranentfin a different

unit. Youlve done this automaticall); for years with some length uni{',s:-

o oIS BV I
ERIC R
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3 feet equals 36 inches; two gallons equals eight quarts; L hour equals

2

30 minutes. Today we are going to discover another relationship between two .°'

units .

units measure temperature changes.

_Tllez are the degree Centigréde and the degree Fahrenheit. These two

-

4

- Suppose a visitor from Burope told you that he liked to go svrimmmg

4 .
+ whenever the, temperature reachedtwenty-five degrees. You ma.ght be aston-

» ished until you realize that he is not using the Fahrenheit scale you are

familiar with. Seventy-seven degrees Fshrenheit is the same temperature as

« twenty-five degrees Centigrade. The next experiment will reveal the mathe-

matical re],Etion that can be used to convert from Fahrenheit to Centigrade

and vice versa.

1

¢
L]

Here is’ a brief description of the experiment. Cofresponding Centigrade

W
and Fahrenheit temperature measurements are made of six quantities of water

whose temperatures range from very cold to hot. These ordered pairs of num- ¢

- bers are giraphed. The equation relation F to C is determined from the graph.
Now the exper:'Lment by following these detailed instructions. Hal|f
fill a contair;er of about “one quart capacity with crushed ice. Pour .in Just
enough water to cover the ice. Stir the slush thoroughly with both‘theymom-
eters. When you think the temperature of the water has fallen, to that of '
the ice, read both thermometers. (Any time you meke a temperature measﬁrement,
position the bottom oi‘ fhe the;rmometer about one inch below the surface of
the liquid.) X )
Record the FCentigrade and Fahrenheit temperatures in the data table
opposite "Pure ice water".
Number of °C Number of °F -
Pure ice water - ) ]
Salty ice water . . ‘
- Cold tap water 1y
( Cool water . "
Lukewarm water .
k ‘ . Hot watex/ T ’ '
T '
- Table 7
' &
Q 110 o '
: 1.
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By this time a quantity of thé ice in the cohtainer will have melted. . .
% ur off the excesshwékerua Fo; the next teﬁperatﬁfe measurements we ;ifl )
. 7Znt %?st enough water to fill the §paces between the chunks of ice. yo S
water should show abtove the ice. ' Now pour 20 heaping tablespoons of salt.
into the ice water and stir for several minutes to dissolve most of the
salt. fut both thennoﬁet;rs into the salty ice water and e both readings.‘ B
(Don't forget about tﬁe one inch“depth for the thermometers.) Qnter the set N ‘
of numbers in the data table. Is the salty ice water tempexature higher or
) lower than the pure ice water temperature? By.the way, what iﬁ,t@e lowest
temperature you can read with your antigrade thermometQ{Z , How would you
write this number which is below zero to distiqguish it from the same number’
éf degrees above zero? Have you written the Centigrade témperature of salty
ice water correctly? Now let's get some temperatures above freezing.r Meas-
ure ¥he C and F temperatures of the coldest water you can get out of the 1
faucet. Record this pair of numbers. Get a pair ofapemperatures between
ice water and cold tap water by mixing equal amounts ofrice water and cold
tap water. Get the hiéhest pairs of temperatures by measuring the C and F
teqperatures of the hottest water you can get from the faucet. One more:
pair of numb?rs will complete the function table. @ix equal amounts of the
hottest and coldest tap wateg available. Measure the C apd'F temperatures

and record the numbers.

~

If you have made all of the measurements suggested adee, you have six
pairs in your function table. The next step is to graph this function. The
graph will be most useful if you:

(a) Plot C on the horizontal axis and F on the vertical axig.

(v) Draw the C axis one-third of the way up from the bottom of

the graph paper. ‘ N . ‘
(c) Draw the F axis one-third of the way from the left edge.

-, ' 1

Plot the datd in the table. Draw the best straight line that fits all these

points. , -,

{
This is the firsg expériment that has given us points outside

guadrant. The reascn is, the Centigrade temperature fell below zero, that is,

“ became.negative. How many of youf six experimental points have & negative

coordidnabe? What combination of C and F temperatures would give a point in
thé third quadrant? Would.it be possible to have a point in the fourth ,
%Padrant?ﬂ
. 7 g
. . >
111 i ‘
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Exercise 7
’ s
1. TWhat is the slope of the C vs F graph? ~ - . .

2. What is.the y-intercept of the C vs F graph?

L d
3. " Put these numbers in the equation: F = mC + b. ‘This is %he equation
relating the C and F temperature scales.

h: Use this equation to find the F tenperature that corresponds to
*  (a) 20 degrees C, . . ‘
(b) 45 degrees C. . ' o
(c) -5 degrees C. )
(a) O degrees C. .

5. Plot the points found in Problem 4 on the experimental graph. Do they
fall on the C vs F linef

6. (a) Plot the data in the table at the right. . . x
(b) Find the slope and y- intercept of the- line. - -1, 3
(¢) Find the equation of this 1i@ -2 0
‘ S . 4 | -6
” )
4.8 S: \ ‘ .

.

Linear functions were first introduced through the graph, second through
the sentence and third through the equation of the form y = - These func- -~
tions when graphed passed through the origin. When y = mx was introduced'many
functions were shown to be of the same form and differing oniy in the yalue of

. A .
m. The value of m was recognized first as & conversion factor and then as a

L ¥

constant ratio - : -

. n = -vertical distance . rise
horizontal distance run '

This retio wag then defined as the slope of the line representing the function

and the equation. .

The coat hanger experiment nrovided an example of a set of ordered pairs
or function whose graph was a straight line through the origin. Therefqre,
the equation was of the fonn y = mx. ¢

Then the spring experiment provided an example of a set of ordered pairs
or function ;hose graph was a straight line not through the origin. Therefore,
the equation was of the form y = mx + b. The Centigrede-Fshrenheit experiment
gives another example of this type. It also introduced the need for negative

>
values. N .

. 112
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. GLOSSARY
"Part I

ADDITION PROPERTY OF ORDER -- If &, b and c are real numbers and if a <b,
thena +c <b +c. Also, if a >b thena +c >b + c.

APPROXIMATION -- A result that is not exact, but is accurate -enough for
a particular situation.

¢

AXIS (COORDINATE) --. Any line used to aid in determining the location of
points in the plane.

COMPOUND STATEMENT -- A statememt constructed from simple statements by

~
use of the connectives "and" or “or".

) .
COORDINATE(S) ON A LINE -- The number assoclated with a point of the

" number line is called the coordlnate of the point.

CQORDINATE(S) ON A PLANE -~ The numbers(associated -- as an- ordered pair --
with a point of the plane are called the coordinates of the point.
L, e iRt

\

COUNTING NUMBERS -- An element of the set (1, 2, 3, &, 5, ...}. Also
called natural “numbers.

DEFLECTION -- The amount of bend (as indicated by a pointer relative to

a fixed scale). i . ..

DIAGONAL -- A s{raighp line segment connecting non-consecutive vertices-

(going from corner to corner). . .

.

DISCRETE -- A discrete set,of points refers to a set of points each of
which is, clearly ‘separated from the others, that is, a set of iso-

lated'ppints. For example, the natural numbers on the numbgr line,,

TOMAIN -- The domain is the set of first elements of the ordered pairs

in a relation or function.
’ ]

ELEMENT -- A member of a set. ' :
EQUATION -- An open sentence involwihg equality.

EXPONENT -- The particular use of a numeral to indicate how many times &

certain number should be used as a factoq:

FORCE -- Force is a physgical concept which ¢an be described loosely as
K the®push or pull on an, object. A N

120
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. FUNCTION -- A function is a set of ordered pairs such that each element

of the domain appears in one and only one ordered pair.

2

HORIZONTAL -- Acgpss as opposed to up and down, a straight line following
the direction of the horizon.

INEQUALITIES -- A simple gentence with the symbol ">" or "<" as the verb
phrase 1is called an inequal}ty. »
INTERCEPT -- The point on & number line at which a second line meets it.
. ’ 0
LENGTH ~- The measurement of the distance between two points.
' " LINEAR -- Pertaining to straight lines. .
{ LK N
MASS -- Mass is a fundamental progerty of a body. It is not the samé as
! the weight of the body. On the earth's surface, the weight of an
N object is proportional to its mass.
MATHEMATICAL MODEL -- A mathematical representation of a physical object
’ or event which can be used to predict informetion about the object
or event. N
MATHEMATICAL SENTENCE -- A mathématical statement which is either true
or false,-but not hoth.’ : ‘.
3 NMXIMUM VALUE -~ The greatest value.
| MEASUREMENT - The process of comparing some object or event with some
¢ unit which we have chosen. ( )
R NEGATIVE EXPONENT -- In a number such as 107" , where n ='1, 2, 3, oy
- LY
the -n is a negative exponent. It is 1nterpreted
&
Co po - L
¢ 10" .
LN
NEGATIVE REAL NUMBERG -- The set of real mumbe¥s associated wigh points
" to the left of zero on the number line is the set of negative real
¢ + numbers. , . ‘ .
NONTERMINATING -- Unlimited; not coming to an end; expressed in an
- infinite number of terms.

L4

NOTATION -- S§;bols denoting quantities, operations, or relations.

‘ <
» . NUMBER LINE -- When & one-to-one correspondence has been established
between the points of a line and the real numbers we call the

line & number lire. . . . -

114
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ORDERED PAIR -- A set containing exactly two elemente, (a,b), in whféh

« .« . one element is recognized as the first element. . . '

- v

ORIGIN -- The intersection of the horizontal and verticgl axes in & !
coordinaté system. This point is represented by the ordered
pair (0,0). : : ‘ . he P
PERPENDICULAR LINES -- Two ines which meet at right angies.
L9
PROPORTTONAL -- Two related quﬁntities are sajd to be proportional if
\ -
PR their ratio is always the same. , - « .
7 +
QUADRANT -- One of ther four reélons into which tke toordinate axes divide

the plare. They are usually numbered cougter -clockwise.

A 4

RADIKN -- One radian if the angle subtended at the centér of a circle

«

- by an arc eq&el in length to one radius.

.ot : L S lrodi0n=-%.

B - 1 R

en 8 = r; the angle is 1 radian.

RANGE -- Tpe. range is thé set of second elements of the ordered pairs

- in a relation or:iunction.

*
7

RATIO -- The ratio of a number "a" to a number "o" (b 0) is the

v~

B quotient b .

.
(L 13

REAL NUMBERS -- The set of all numbers associated with points on the
numbez line\ A number which can be represented by a finite or’
inflnite decimal expdﬁsion, . - . .

¢
_RELIATION -- A relation is a set Qf ordered pairs. When the pair (g,y) .
is inﬂfhe get and we use R to represent the'relation, we say that

a

x-Ry 1is true.

SCIENTIFIC NOTATION -- The practice followed in mathematics and science
. N . - .
of writing numbérs as a number between one and ten multiplied by the

appropriate power of ten. For example,

’ 216 = 2.16 x 10°
. -3 . -
0.00h3l= 4.3 x 10 - .
' SET -- A well-defined collection of ®lements. N
. - . N .
. 115 P
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SIGNIFICANT FIGURE -~ If a number is written in scientific notation
"(a x 10 ™), the last digit to the.right in "a" is significant.
Othervise, the last non-zero digit to the right in a number
is the last significant figure.

It

T S

SIOPE -- The slope measures the steepness of the inclination of a
line. It is the ratio of the rise to the run.

TRANSITIVE PROPERTY -- If a relation R has the property that whenevéi

¥
a R b and b R ¢ are true statements, then a R c is a true state-

mert- and we say that R has the transitive property

UNIQUE -~ Just one. Leading to one

and only qQne solution.

Consisting of orie and only one.

UNIT OF MEASURE -- An object or event of our choice which we compare

with the object or event to be measured. P

UNIT POINT -~ The point associated with the place-value notation
refefring to the value of the first place. Also, the point

on & number line corresponding to the number "1".

VARIABLE -- A symbol which represents a definite though unspecified

number from a given set of admissible numbers. d

WEIGHT -- The weight of a body is the measure of the force caused .
by the earth pulling on that body.

S

pb
E\:‘.
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